QUANTUM UNIPOTENT SUBGROUP AND DUAL CANONICAL BASIS 



YOSHIYUKI KIMURA 

Abstract. In a series of works [H [H] [H [20l [21 [22] , Geifi-Leclerc-Schroer defined the 
cluster algebra structure on the coordinate ring C[N{w)] of the unipotent subgroup, asso- 
ciated with a Weyl group element w. And they proved cluster monomials are contained 
in Lusztig's dual semicanonical basis <S*. We give a set up for the quantization of their 
results and propose a conjecture which relates the quantum cluster algebras in [4] to the 
dual canonical basis B"''. In particular, we prove that the quantum analogue Oq[N{w)] of 
C[A''(«;)] has the induced basis from B"p, which contains quantum flag minors and satisfies a 
factorization property with respect to the 'g-center' of Oq[N{'w)]. This generalizes Caldero's 
results [71 [11 [9] from ADE cases to an arbitary symmetrizable Kac- Moody Lie algebra. 
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1. Introduction 

1.1. The canonical basis B and the dual canonical basis B"p. Let g be a symmetriz- 
able Kac- Moody Lie algebra, Uq(0) its associated quantized enveloping algebra, and U~(g) 
its negative part. In [39], Lusztig constructed the canonical basis B of U~(g) by a geomet- 
ric method when g is symmetric. In [25], Kashiwara constructed the (lower) global basis 
G^°^(,^(oo)) by a purely algebraic method. Grojnowski-Lusztig [23] showed that the two 
bases coincide when g is symmetric. We call the basis the canonical basis. There are two 
remarkable properties of the canonical basis, one is the positivity of structure constants of 
multiplication and comultiplications, and another is Kashiwara's crystal structure ^{oo), 
which is a combinatorial machinery useful for applications to representation theory, such as 
tensor product decomposition. 



Date: October 21, 2010. 

2000 Mathematics Subject Classification. Primary 17B37; Secondary 20G42, 16T20. 
Key words and phrases, dual canonical basis, quantum cluster algebra. 

This work is supported by Kyoto University Global COE Program 'Fostering top leaders in mathematics'. 

1 



2 



YOSHIYUKI KIMURA 



Since U~(g) has a natural pairing which makes it into a (twisted) self-dual bialgebra, we 
consider the dual basis B'^p of the canonical basis in U~(0). We call it the dual canonical 
basis. 

1.2. Cluster algebras. Cluster algebras were introduced by Fomin and Zelevinsky [TJ] and 
intensively studied also with Berenstein [2l [T7] with an aim of providing a concrete and 
combinatorial setting for the study of Lusztig's (dual) canonical basis and total positivity. 
Quantum cluster algebras were also introduced by Berenstein and Zelevinsky Fock and 
Goncharov [131 [T4l [T2] independently. The definition of (quantum) cluster algebra was moti- 
vated by Berenstein and Zelevinsky's earlier work where combinatorial and multiplicative 
structures of the dual canonical basis were studied for g = s[2 and sis. Let us quote from [TS] : 

We conjecture that the above examples can be extensively generalized: for any 
simply-connected connected semisimple group G, the coordinate rings C[G] 
and C[G/N], as well as coordinate rings of many other interesting varieties 
related to G, have a natural structure of a cluster algebra. This structure 
should serve as an algebraic framework for the study of "dual canonical basis" 
in these coordinate rings and their g'-deformations. In particular, we conjecture 
that all monomials in the variables of any given cluster (the cluster monomials) 
belong to this dual canonical basis. 

In [2] , it was shown that the coordinate ring of the double Bruhat cell has a part of structures 
of a cluster algebra. 

A cluster algebra =2/ is a subalgebra of rational function field Q(xi,X2, • • • ,Xr) of r inde- 
terminates which is equipped with a distinguished set of generators {cluster variables) which 
is grouped into overlapping subsets (clusters) consisting of precisely r elements. Each subset 
is defined inductively by a sequence of certain combinatorial operation (seed mutations) from 
the initial seed. The monomials in the variables of a given single cluster are called cluster 
monomials. However, it is not known that a cluster algebra have a basis, related to the dual 
canonical basis, which includes all cluster monomials in general. 

1.3. Cluster algebra and the dual semicanonical basis. In a series of works [181 [211 [191 
[20 1 123 1 [22], Geifi, Leclerc and Schroer introduced a cluster algebra structure on the coordinate 
ring C[N{w)] of the unipotent subgroup associated with a Weyl group element w. Furthermore 
they show that the dual semicanonical basis S* is compatible with the inclusion C[N{w)] C 
[/(n)*j. and contains all cluster monomials. Here the dual semicanonical basis is the dual basis 
of the semicanonical basis of U{n), introduced by Lusztig [401 144]. and "compatible" means 
that S* n C[N{w)] forms a C-basis of C[N{w)]. 

It is known that canonical and semicanonical bases share similar combinatorial properties 
(crystal structure) , but they are different (examples can be found in [32] 0) . 

1.4. Cluster algebra and the dual canonical basis. Our main result is to give a set up 
of a quantum analogue of Geii3-Leclerc-Schroer's results: 

(1) The dual canonical basis is compatible with the quantum unipotent subgroup Oq [N{w)] 
which is a quantum analogue of C[N{w)], that is B"P(t(;) := B^p R Oq[N{w)] forms a 
Q(Q)-basis of Oq[N{w)]. (See Theorem [fni) 

^In [32], 5 is the specialization of the dual canonical basis, while E is the dual semicanonical basis thanks 
to [Hj. 
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(2) Quantum flag minors are mutually q-commuting and their monomials are contained 
in the dual canonical basis up to some g-shifts. Here quantum flag minors are defined 
as certain matrix coefficients with respect to extremal vectors in integrable highest 
weight modules. (See Theorem I6.20[ ) 

(3) The "g-center" of Oq[N{w)] is generated by some of the quantum flag minors. More- 
over any dual canonical basis element in 'B^p{w) can be factored into the product 
of an element in the "g-center" of Oq[N{w)] and an "interval-free" element. (See 
Theorem [OH) 

When g is of type ADE, Caldero proved the above results in a series of works O El [9] (see 
also [HI 6.3]). {Oq[N{w)] is denoted by Ug(n^) in [9].) We generalize them to an arbitary 
symmetrizable Kac-Moody Lie algebra. Key tools are the Poincare-Birkhoff-Witt basis of 
Oq[N{w)] and the crystal structures. They are already used by Caldero, but the author 
cannot follow several claims, and give a self-contained proof in this paper. 

I. 5. Quantization conjectures and its consequences. The above properties (1), (2), (3) 
can be thought as a part of structures of a quantum cluster algebra. The corresponding 
properties of the "classical limit" C[N{w)] were shown in [23] if the dual canonical basis 
is replaced by the dual semicanoncial basis. We conjecture that remaining structures of a 
quantum cluster algebra exist on OqlN^w)] as in [23]. Let Oq[N{'w)]j( be the integral form 
defined by the dual canonical basis B'^p(7i;) where A = Q[q^]. 

Conjecture 1.1 (Quantization conjecture). (1) We take a reduced expression w = (ii, ■ ■ ■ 
of the Weyl group element w, then we have an isomorphism of algebras 

=c/«(r^;,A^;) ®^q±] Q[<7±] ~ Oq[N{w)U, 

which sends the initial seed to the quantum flag minors {'^ii^-s^^zui^,mi^,}i<k<h defined as 
matrix coefficients of certain extremal vectors associated with w, where is the frozen quiver 
in [2] and [23] and A{5 is the compatible pair in [H §10.3]. 

(2) Under this isomorphism, the quantum cluster monomials of £/'^{T{^, A{^) are contained 
in the dual canonical base B'^P(?i;) up to some g-shifts. 

Let A ^ C he the algebra homomorphism defined by g i— >■ 1. If we specialize Conjecture 

II. ll to (/ = 1, we obtain the following "weak" conjecture. 

Conjecture 1.2 (Weak quantization conjecture). (1) Let w be as above. We have an iso- 
morphism of algebras 

$55: ={/(rffi)®zC~C[iV(w;)], 

which sends the initial seed to the specialized quantum fiag minors {Asj^...s;^roij.,ti7ij.}i<A:<h 
where is the frozen quiver as above. 

(2) Under this isomorphism, the cluster monomials of C[N{w)] are contained in the spe- 
cialized dual canonical base B"P(tM) at g = 1. 

Some parts of Conjecture [TTTj were shown for A2, A3, A4 cases with w = wq in ^ and [181 
§12] and a'i^ with w = in [32]. 

The definition of the quantum cluster algebra £/'^{T{ij, A^ij) will not be explained. So we 
explain the meaning of this conjecture as properties of the dual canonical basis without 
referring to the axiom of a quantum cluster algebra [3] . 

An element x € B"p \ {1} is called prime if it does not have a non-trivial factorization 
X = X1X2 with xi, X2 € B"P and G Z. A subset x = {xi, • • • , x^} C B"p is called strongly 
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compatible if for any rrii, • • • , m/ € Z>o, the monomial • • • xj^' € g^B'^P, that is x™^ • • • x^' 
is contained in the dual canonical basis up to some q^-shifts. In particular, x is contained 
in a compatible family, then it satisfies G g^^B^P for any m > 1. A strongly compatible 
subset X = {xi, ■ ■ ■ ,xi} is called maximal in B"P(i(;) if y € B^^p(i«) satisfies yxj € g^B"P(u;) 
for any Xj, then there exists mi, • • • , m/ and such y = x^^ ■ ■ ■ x"^' . 

Our quantization conjecture means that there are lots of maximal strongly compatible 
subsets of B"P(i(;), constructed recursively from {^1^^---s,^^vji^,-uji^}i<k<i- For example, for 
finite type g with w = for a (bipartite) Coxeter element c, it is expected that the dual 
canonical basis B"p(u;) is covered by the (finite) union of the maximal compatible families. 
But the union is not the whole W^^{w) in general. 

Our quantization conjecture implies several conjectures on (quantum) cluster algebras. Let 
us spell out a few. 

If is symmetric, we have the positivity result for the dual canonical base by the con- 
struction of [39]. This implies the positivity conjecture for the quantum cluster algebras 
i2^"'(r{^, A{^), stating that cluster monomials are Laurent polynomials with positive coeffi- 
cients in q and cluster variables of any seed. This conjecture is known only special cases: 

• cluster algebras of finite type [IB] , 

• cluster algebras with bipartite seeds |47j . 

• cluster algebras coming from triangulated surfaces [45], 

• acyclic cluster algebras at the initial seed [49] . 

In fact, these results apply only to cluster algebras, not quantum ones except [49]. Thus 
we have much stronger positivity. 

The quantization conjecture also provides us a monoidal categorification of C[N{w)] in the 
sense of Hernandez-Leclerc |35] . It roughly says that there is a monoidal abelian category 
^{w) whose complexified Grothendieck ring i^o(^(w^)) <S5z C has the cluster algebra structure 
of C[N{w)] so that the cluster monomials are classes of simple objects. If the weak quantizaton 
conjecture is true (and g is symmetric), the category ^{w) is given as the category of finite 
dimensional modules of the (equivariant) Ext algebras of the simple (equivariant) perverse 
sheaves belonging to B'^P(7i;). Thanks to [53|, ^{w) is also considered as the extension- 
closed subcategory of the module category of Khovanov-Lauda-Rouquier's algebra [30 ] [29 ] [51] 
consisting of finite dimensional modules whose composition factors are contained in B"P(t(;). 

When Q is symmetric, GeiB, Leclerc and Schroer conjecture that certain dual semicanonical 
basis elements are specialization of the corresponding dual canonical basis elements. This is 
called the open orbit conjecture. This class of the dual semicanonical basis element contains 
all the cluster monomials. (Conjecturally it exactly consists of the cluster monomials [5] 
Conjecture II 5.3].) The open orbit conjecture for the cluster monomials is equivalent to the 
weak quantization conjecture. 

This paper is organized as follows. In ^ we give a review the quantized enveloping 
algebra and its canonical basis. In ^ we give a review the dual canonical basis B^p and 
its multiplicative properties. In ^ we define the quantum unipotent subgroup and prove its 
compatibility with the dual canonical basis. In ^ we define the quantum closed unipotent 
cell and study its relationship with the quantum unipotent subgroup. In ^ we give quantum 
fiag minors and prove their multiplicative properties. 

Acknowledgement. The author is grateful to his advisor Hiraku Nakajima for his valuable 
comments and his sincere encouragement. 
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2. Preliminaries: Quantized enveloping algebras and the canonical bases 

We briefly recall the definition of the quantized enveloping algebra and its canonical base 
in this section. 

2.1. Definition of Ug(0). 

2.1.1. A root datum consists of 

(1) \): a finite-dimensional Q-vector space, 

(2) a finite index set I, 

(3) P C f)*: a lattice (weight lattice), 

(4) = Hom2;(P, Z) with natural pairing ( , ) : P P^ ^ Z, 

(5) Oj € P for is/ (simple roots), 

(6) hi € P^ for i E / (simple coroots), 

(7) (•, •) a Q- valued symmetric bilinear form on f}* 

satisfying following conditions: 

(a) {hi,X) = 2(aj, A)/(Qj, Qj) for i € / and A € P, 

(b) aij = {hi,aj) = 2(aj, aj)/(Qj, Oj) gives a symmetrizable generalized Cartan matrix, 
i.e., {hi,ai) = 2, and {hi,aj) S Z<o and {hi,aj) = 44> {hj,ai) = for i 7^ j, 

(c) {ai,ai) G 2Z>o, i.e. di := {ai,ai)/2 G Z>o, 

(d) {aijjgj are linearly independent. 

We call (/, f), ( , )) a Cartan datum. Let Q = ^^^^ Zoj C P be the root lattice. Let 
Q± = ± ^i^i Z>oai. Fot ^ = Xlig/ ^ Q> we define tr(^) = Yliei Ci- And we assume that 
there exists Wi € P such that {hi,TUj) = 6ij for any i,j G /. We call vji the fundamental 
weight corrsponding to i G /. We say A G P is dominant if {hi,X) > for any i G I 
and denote by P4. the set of dominant integral weights. We denote by P := ©jg/ ZtUj and 
P+ :=PnP+ = ©,g^Z>on7,. 

2.1.2. Let (/, f), ( , )) be a Cartan datum. Let g be the symmetrizable Kac-Moody Lie algebra 
corresponding to the generalized Cartan matrix A = (aij) with the Cartan subalgebra i), i.e., 
Q is the Lie algebra generated by {h; h G f)}, e^, and fi {i G /) with the following relations: 

(i) [h,h'] =0 for G t), 

(ii) [h, ei] = {h, ai) eu [h, fi] = - {h, Ui) fi, 

(iii) [eijj] = 5ijhi, and 

(iv) (adei)i-<'^-"^>ej = (ad/i)i-<'^-"j)/j = for i 7^ j. 
We denote the Lie subalgebra generated by {/ijjg/ by n. 

2.1.3. Suppose a root datum is given. We introduce an indeterminate q. For i G /, we set 
Qi = For ^ = ^iQfS,iOii G Q, we set := Yli^j{qi)^^ = q^^'^\ where p is the sum of 
all fundamental weights. We define Q-subalgebras Aq, Aod and A of Q{q) by 

Ao := {/ G Q{q);f is regular at = 0}, 
Aoo ■■= {/ G Q(g); / is regular at = cx)}, 
A:=q[q^]. 
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2.1.4. The quantized enveloping algebra Ug(g) associated with a root datum is the 
algebra generated by ej,/j {i G /), q'^ {h € d~^P*) with the following relations: 

(i) = l,q^q^' =q^+^', 

(ii) q^eiQ-^ = q^^^'^^^ei^q^fiq-^ = q"^^^"^^ fi, 

(iii) eifj - fjej = 6ij{ti - t~^)/{qi - q~'^), 

(iv) 5^Vl)'ef = ^IVl) ""'^"'^ = (g-Serre relations), 

k=0 k=0 
where U = q^-^^^^\ [n]i = {qf - q~'^)/{qi - q~^), [n]i\ = [n]i[n - l]i ■ ■ ■ for n > and 
[0]! = 1, ef ^ = e.VMi!, /f ^ = ft/m for i G / and k e Z>o. 

2.1.5. Let U^(0) (resp. U~(3)) be the Q(q')-subalgebra of Ug(0) generated by (resp. fi) 
for i ^ I. Then we have the triangular decomposition 

Ug(0) ^ U-(g) Q((/)[P^] U+(0), 

where Q(g)[P^] is the group algebra over i.e., ^^/jgpv ^{q)q ■ 

2.1.6. For € Q, we define its root space Ug(0)g by 

Ug(s)g = {x£ Vq{Q)\q''xq~^ = q'^^'^^x for any h € P*}. 
Then we have the root space decomposition 

An element rc G Uq(0) is homogenous if x G Ug(0)g for some ^ G Q, and we set wt(2;) = ^. 

2.1.7. Let U~(0)^ be the >l-subalgebra of \^q{Q) generated by ff''^ for i G I and k G Z>o. 
Let (U-(0)yi)5 := U^(0)^ n U-(0)5. We have 

u,"(0U= 0(u,-(0U)?. 

2.1.8. We define a Q(g)-algebra anti-involution *: Ug(0) — > Ug(0) by 

(2.1) *(ei) = ei, *(/.) = /^, <q'') = q-^. 

We call this the ^-involution. 

We define a Q- algebra automorphism ~: Ug(0) — > Ug(0) by 

(2.2) e7 = e„ :A = /i, 9 = 9"', '^ = q~^. 

We call this the bar involution. 

We remark that these two involutions preserve U^(0) and U~(0), and we have ~o* = *o~. 

2.1.9. In this article, we choose the coproduct on Ug(0) following [25]: 
(2.3a) A(g^) = q^ ® q\ 

(2.3b) A(ei) = Ci ® + 1 (g)ei, 

(2.3c) A{fi) = fi^l + ti® fi. 
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2.1.10. We introduce Lusztig's Q(g)-valued symmetric nondegenerate bilinear form ( , )l on 
U~(g). We first define a Q(g)-algebra structure on U~(g) 0\J~{q) by 

where {i = 1,2) are homoegenous elements. 

Let r: U~(0) U~(0) ® U~(g) be a Q(g')-algebra homomorphism defined by 

rif^) = fi0l + l®h (iel). 

We call this the twisted coproduct. 

By |4H 1.2.5], the algebra \J~{q) has a unique nondegenerate Q(g)-valued symmetric bi- 
linear form { , )l- U~(g) x U~(0) Q{q) which satisfies 

(2.4a) (1,1)l = 1, 

(2.4b) (/,,/.)^ = Jm_, 

(2.4c) {x,yy')L = {r{x),y 0y')L, 

(2.4d) {xx',y)L = {x(S>x',r{y))L, 

where the form on U;^(0) (8)U^(0) is defined by (xi (8)yi,X2 (8) ?/2)l = (a^i, a^2)L(yi, ?/2)l- 

2.1.11. The relation between the coproduct A and the twisted coproduct r is given as follows: 
Lemma 2.5. For homogenous x G U~(g)^, we have 

(2.6) A{x) = X]^(i)*-wt{x(2)) (^X{2), 

where r{x) = Yl^W ^X(^2), ^ = (f''^\ and = X]. g./;.. for ^ = Y^^iai G Q. 

2.1.12. For i £ I, we define the unique Q(g)-linear map jr : U~ — > U~ (resp. rj : U~ — > U~) 
given by ir(l) = 0,ir{fj) = Sij (resp. ri(l) = 0,ri{fj) = 5ij) for any i,j £ I and 

(2.7a) ,r(xy) = ir{x)y + g-("*"'"»)x,r(i/), 

(2.7b) nixy) = g-("*2^'"')r,(x)y + xr,(y) 

for homogenous x,y € U~. From the definition, we have 

1 

1 



(2.8a) {fiX,y)L = - ^{x,iry)L, 

if 

(2.8b) {xfuy)L = -;-—^^^^'^iy)L- 



2.2. Canonical basis of U^(0). Li this subsection, we give a brief review of the theory of 
the canonical base following Kashiwara |251 128j. Note that Kashiwara call it the lower global 
base. 

2.2.1. 

Lemma 2.9 ([251 Lemma 3.4.1], |48|). For x G U~(g) and any i G /, we have 

ri(3;)ti - tj"^r(x) 



[ej,x] 



9i - ft ^ 
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2.2.2. Kashiwara |25l §3.4] has proved that there is a unique non-degenerate symmetric 
bihnear form (•, •)a' on U~(0) such that 

(2.10a) {fiX,y)K = {x,iry)K, 

(2.10b) (1,1)^ = 1. 

Lemma 2.11 ([25l Lemma 3.4.7], HH Lemma 1.2.15]). For x € U~(g) with .jr(x) = for 

any i € / and wt(x) ^ 0, then we have x = 0. 

2.2.3. We have the fohowing relation between Kashiwara's bihnear form ( , )k and Lusztig's 
one ( , )l. 

Lemma 2.12 ([Ml 2.2]). For homogenous x,y ^ \Jg{g)^ with ^ = — ^njOj G Q-, we have 

ix,y)K = ll{l-qfrix,y)L. 

This can be proved by an induction on wt(x) by using Lemma 12.111 (I2.10ap and ()2.8ap . 
Lemma 2.13 ((HI Lemma 1.2.8(b)]). For any homogenous x,y € \J~{g), we have 

{x,y)K = {x*,y*)K- 

2.2.4. The reduced q-analogue S^q{Q) of a symmetrizable Kac-Moody Lie algebra q is the 
Q(g)-algebra generated by and fi with the g-Boson relations ivfj = q~^'^'-''^^^ fjir -\- 5ij for 
i,j £ I and the g-Serre relations for and /, for i £ I. Then U~(g) becomes a ^q(g)-modules 
by Lemma 12.91 

By the (7-Boson relation, any element x € U~(g) can be uniquely written as x = X^„>o fi^^^n 
with ir{xn) = for any n > 0. So we define Kashiwara's modified root operators fi and by 

~ _ \^ f 

n>l 

fi^ ~ ^ ^ fi ^n- 

n>0 

By using these operators, Kashiwara introduced the crystal basis (^(00), ^(00)) of U~(g): 
Theorem 2.14 ([25]). Let 

^(00):= J2 A^i---AlcU-(g), 

=^(00) := •••^,lmodgif(oo);/ > 0,n,i2,--- ,i/ G /} C if (oo)/(?Jf (00). 
Then we have the followings: 

(1) ^(00) is a free ^-module with Q{q) ^(00) = U^(g). 

(2) 6,^(00) C ^(00) and ^^(00) C ^(00). 

(3) ^(00) is a Q-basis of ^(oo)/g^(oo). 

(4) /i : SS{oo) m{oo) and Cj : ^(00) ^ ^(00) U {0}. 

(5) For b G =^(00) with ej(6) 7^ 0, we have fiCib = b. 

We call (^(00), =^(00)) the (lower) crystal basis of U~(g), and ^(00) the (lower) crystal 
lattice. We denote 1 mod (7^(00) G =^(00) by Uqo hereafter. For 6 G =^(00), we set £4(6) := 
max{n G Z>o;??6 / 0} < 00, and ?™^^(6) := G ^(00). 
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2.2.5. We have the foHowing compatibihty of the *-involution with the crystal lattice (oo). 
Theorem 2.15 ([251 Proposition 5.2.4], [Ml Theorem 2.1.1]). We have 



(2.16a) *(^(c5o)) = ^(oo), 

(2.16b) *(^(oo)) = ^{oo). 

For i G / and b € ^{oo), we set 

(2.17a) f*(b):=i*ofiO*){b), 
(2.17b) g*(5) := (*oe, o*)(6). 



For b G ^(oo), we set e*{b) := max{n G Z>o; e*"6 / 0} < oo. We have e*{b) = ei{*b). 

2.2.6. We recall some results on relationship between the crystal lattice ^{oo) and Kashi- 
wara's form (•, ■)k- 

Proposition 2.18 ([251 Proposition 5.1.2]). We have 

Therefore the Q-valued inner product on ^(oo)/q^(oo) given by (•,-)|q=o is well-defined, 
which we denote by (•, •)o. Then we have the following properties: 

(1) (ejU, u')o = iu, fiu')o for u,u' G ^ (oo) / (oo) , 

(2) =^(oo) C ^(oo)/g^(oo) is an orthonormal basis with respect to ( , )o. 
Moreover we have 

(2.19) ^(oo) = {x G U-(0); {x,^{oo))k C Aq}, 

that is the crystal lattice ^(oo) is a self-dual lattice with respect to (•, ■)k- 

2.2.7. Let : Q{q) Q{q) be the Q-algebra involution sending q to q~^. Let y be a vector 
space over Q((?), be an ^o-submodule of V, 5£oo be an ^oo-submodule of and be 
an >i-submodule oiV . We set £' := ifo n ifoo n Vj^. 

Definition 2.20. We say that a triple (.i?0) -^ooj Ka) is balanced if each .ifo,Jfoo5 and 
generates V as Q((7)-vector space and if one of the following equivalent conditions is satisfied 

(1) E — )• ^o/^-^o is an isomorphism, 

(2) E — >■ ^oo/q~^-^oo is an isomorphism, 

(3) (^0 n VjCj © (Q"^-Sfoo n VjCj is an isomorphism, 

(4) Ao0qE Aoo'SiqE ^oo, A^qE Va, and Q{q)®QE V are isomorphisms. 

Theorem 2.21 ([25l Theorem 6]). The triple (^(oo), =if (oo), U~(0)^) is balanced. 

Let if(oo)/gif(oo) ^ S := ^(oo) n ^(oo) n U-(0)^ be the inverse of ^ ^ 

.if(oo)/gif(oo). Then {G^°'"{b);b G ^(oo)} forms an Abasis of U-(0)^. This basis is 
called the canonical basis of U~(0). Using this characterization, we obtain the following 
compatibility of the canonical basis and the *-involution. 

Proposition 2.22. We have 

*G^°«(6) = G'°"(*6). 
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2.2.8. For integrable highest weight modules, we can define the (lower) crystal basis and 
the canonical basis of them as for U~(0), see [251 Theorem 2, Theorem 6] for more details. 
Let M be an integrable Ug(0)-module and M = QxeP weight decomposition. For 

u G Ker(ei) R Mx and < n < (/ij, A), we define Kashiwara's modified operators or (lower) 
crystal operators e^°™ and by 

Here we understand f- ^^u and f^^^^'^'^'^^^u as 0. Note that we denote the operators fi and 
Ci in [551 2.2] by and S^."^ following [27j. 

Let A G P+ and 1^(A) be the integrable highest weight Ug(g)-module generated by a highest 
weight vector ux of weight A. Let ^^°™(A) be the >lo-submodule spanned by /]°™ • • • fl°'"ux. 
Let ^'°"(A) be the subset of ^'°"(A)/gs^'°™(A) consisting of the non-zero vectors of the 
form ^°"---^°"nA, that is 

^'°-(A) := • • • ^r^A C y(A), 

^l««'(A) := {/|°" • • • /l°"uAmodg^l°™(A)} \ {0} C ^'°™(A)/g,^'°"(A). 

Theorem 2.23 ([251 Theorem 2]). (1) ^1°™(A) is a free A-submodule with Q(g) (g)^^ 
^iow(^) ~ F(A) and ^'°"(A) = 0^6P ^^°™(A)/, where ^'°"(A)^ = ^^""(A) n M^. 

(2) gi°"^'°"(A) C ^i°™(A) and ^J°"^i°™(A) C ^'°"(A). 

(3) =^1°™(A) is a Q-basis of ^i°™(A)/g^'°"(A) and =^^i°"(A) = U^gp where 
^i°^(A)^ = ^i°™(A) n ^'°"(A)/,/g^i°^(A)^. 

(4) For iel,we have ei=^(A2c ^(A) U {0} and fi^{X) C ^(A) U {0}. 

(5) For b, y G ^^"^(A), 6' = is equivalent to 6 = e^^^^h' . 

We call (^'°™(A),=;^i°™(A)) the /ower crystal &asis of V(\), and ^^"^(A) the lower crystal 
lattice. 

Let ~ be the bar-involution defined by Pux = Pux- Set F(A)_4 := (g)^nA. 
Theorem 2.24 (pH Theorem 6]). The triple (^'°"(A), ^i°"(A), ^(A)^) is balanced. 



Let G';^" be the inverse of ^'°"(A) n ^i°"(A) n T/(A)^ ^ ^'°"(A)/(?^i°™(A). We call 
(^iow(^iow(_)^)) the canonical basis of y(A). 

2.2.9. We have a compatibility of the (lower) crystal basis of U~(0) and the integrable 
modules V{X). Let vr^: U~(g) — > 1^(A) be the U~(g)-module homomorphism defined by 

X 1-^ XUx- 

Theorem 2.25 ( \25\ Theorem 5]). We have the following properties: 

(1) TTx^ioo) = -2'(A), hence ttx induces a surjection homomorphism vr^ : ^{oo)/q^{oo) — > 
^'°"(A)/g^i°*(A). 

(2) TTX induces a bijection {b G =:^(oo); 7rA(6) / 0} ~ ^'°"(A). 

(3) O 7rA(6) = VTA o f,{b) if 7rA(6) 0. 

(4) o 7rA(6) = ^A o ei{b) if e^ o vrA(6) / 0. 

We denote the inverse of the bijection tta by jx- 
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2.2.10. We also have a compatibility of the canonical basis of (g) and the integrable 
modules V{X) via irx- 

Theorem 2.26 7.3 Lemma 7.3.2]). For A G P+ and 6 G =^(oo) with irxib) + 0, we have 

G'°"(6)^XA = Gir(^A(6)). 

2.2.11. For the canonical basis, we have the following expansion of left and right multiplica- 
tion with respect to f^^^ ■ 

Theorem 2.27 ([261 (3.1.2)]). For h G SS{o6), we have 



(2.28a) 
(2.28b) 



jijn) ^low ^^-j 

G'°"(6)/^™) 



ej(6) + m 



ra 



£* {b) +m 
m 



e,{b')>ei{b)+m 

G'i°-(^*™6)+ 4?(9)G'°"(^') 

e*(b')>e*{b)+m 



Where /;|-)(g) = /£:!(^), /^^^(cz) = i^^(c?) G A. 

As a corollary of the above theorem, we have the following compatibilities of the right and 
left ideals /"U^ (g) and \Jg{g)fl^ with the canonical basis. 

Theorem 2.29 ( |25^ Theorem 7]). For i G / and ?i > 1, we have 

fl^v^is) n u-(0)^ = ^Gi°"(6), 
U-(0)/f n U-(0)^ = AG'°-ib). 

b£.^(oo),e*{b)>n 

2.3. Abstract crystal. The notion of a (abstract) crystal was introduced in [26] by ab- 
stracting the crystal basis of U~(0) and of irreducible highest weight representations which 
are constructed in [25]. We recall it briefly. For more detail, see [28j . 

2.3.1. 

Definition 2.30. A crystal associated with a root datum is a set ^ endowed with maps 
wt : ^ ^ P,ei,ipi : ^ ^ ZU {-oo}, ei,fi:^^^U{0} (z G I) satisfying following 
conditions: 

{&) ipi{b)=ei{b) + {hi,wt{b))^ 

(b) wt(ej6) = wt(6) + ai, ei{eib) = ej(6) - 1, ipi{eib) = (pi{b) + 1, if G 

(c) wt(/^) = wt(6) - ai, Eiifib) = Siib) + 1, ip^ifib) = ^^{b) - 1, if fib G ^, 

(d) b' = fib^b = Bib' for b, b' G^, 

(e) if (pi{b) = — oo for 6 G then 6,6 = /j6 = 0. 
Let wtj(6) = (/ij,wt(6)). 

Definition 2.31. For given two crystals =^i,=^2 and h G Z>i , amap V': =^iU{0} ^2U{0} 
is called a morphism of amplitude h of crystals from to if it satisfies the following 
properties for b G and i £ I: 

(a) ^(0) = 0, 

(b) wt(V'(6)) = /iwt(6), e,(V'(6)) = /iei(6), v^^(V(&)) = h^iib) if ^(6) G ^2, 



12 YOSHIYUKI KIMURA 

(c) e^i;{b) = ijiZib) if ^(6) G ^2, eib e ^i, 

(d) ftm = iPim if V'l^') e ^2, /^fe G ^1. 

When /i = 1, it is simply called a morphism of crystal. A morphism ip: ^2 is strict if 

ip commutes with Cj, /j for alH G / without any restriction. A strict morphism tp: SS2 
is called an strict embedding if ^ is an injective map from U {0} to ^2 U {0}. 

Definition 2.32. The tensor product J^i =^2 of crystals ^1 and ^2 is defined to be the 
set X ^2 with maps given by 

(2.33a) wt(6i ® 62) = wt(6i) + wt(62), 

(2.33b) £1(61(8)62) = max(ej(6i),ei(62) -wti(6i)), 

(2.33c) (pi{bi (g) 62) = max((/?i(62), (^i(6i) + wti(52)), 

I Cibi (g) 62 if ¥'j(6i) > £1(62), 



(2.33d) ei(6i®62) 
(2.33e) Ji{bi®b2) 



\bi® 6462 otherwise, 

1^61(862 if 9?i(6i) > £4(62), 
1 61 ® /ife2 otherwise. 

Here (61, 62) is denoted by 61 ® 62 and (g 621 61 <8> are identified with 0. 

Iterating (|2.33dp and (l2:33iD . we obtain the followings: 

'e^bi®b2 if <^i(6i) > £^(62), 

61 (8)6*^62 if £1(62) - n > 93i(6i). 

^"61^62 ^ if ^i(6i) >£*(62) + n, 

61^/^62 if£*(62) >'/^*(&i), 



(2.34a) ^{bi(S)b2) 



(2.34b) /r(6i®62) 



2.3.2. The (lower) crystal basis =^(00) of (g) is an example of an abstract crystal. The 
same is true for ^'°™(A) of V{\) for A G P+. We may also write ^(A) instead of ^'°™(A), 
when it is considered as an abstract crystal. 

Example 2.35. For i G /, let S^i = {bi{n)] n G Z}. We can endow it with a structure of the 

abstract crystal by wt(6j(n)) = noj, £i(6i(n)) = — n, ipi{bi{n)) = n, ej{bi{n)) = ipj{bi{n)) = 
—00, for j 7^ i, and 

Jjbi{n) = 




ejbi{n) = 

2.3.3. For the crystal ^{00), we have the following strict embedding. 

Theorem 2.36 ( \26\ Theorem 2.2.1]). (1) For each i ^ I, there exits a strict embedding 
: ^(00) — > ^^{oo) 8) S^i which satisfies ^^(moo) = ^^00 8> ftj. 
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(2) If = b'(E) f^bi, we have 

^ ' ^ \0 if n = 0, 

^.{f*b) = b'(^f]'+\. 

(3) Im^i = {b' ®J^bi]e*{b') = 0,n > 0}. 

By the above theorem, we have ^i{b) = e*^^^b(S)f^^ '^^^bi. For a sequence (ii, ■ ■ ■ j v) G i 
we have a strict embedding 



2.3.4. For m > 1, we have the following crystal morphism of amplitude m which is called 
inflation of order m in [281 Definition 8.1.4]. 

Proposition 2.37 ([28l Proposition 8.1.3], 061 Proposition 3.2]). (1) For m e Z>i, there 
exists a unique crystal morphism 5m, : ^(oo) — )■ ^(oo) of amplitude m satisfying 

wt{Smb) = mwt(6), ei{Smb) = mei{b), ^i{Smb) = mipi{b), 

Sm{e,b) = l^Sm{b), SMb) = IrSmib), 

'S'm('^oo) — Uqq. 

(2) Let b £ ^{oo). Then we have (*o5'm)(6) = (5'mO*)(6). In particular, for any b G ^{oo), 
we have 

e* iS^b)= me* (b) , ^* (Smb) = m^* (b) , 

Sm{r,b) = rrs^b), sum = Irsm{b). 



3. The dual canonical basis 

3.1. In this subsection, we recall the definition of the dual canonical basis and its charac- 
trization in terms of the dual bar involution a with a balanced triple. We define B'^p C U~(0) 
by the dual basis of B under the Kashiwara's bilinear form ( , )k- We define the dual bar 
involution a: U~(g) — > U~(g) so that 

{a{x),y)K = {x,y)K 

holds for any y ([U 10.2]). This is well-defined since (•, ■)k is non-degenerate. By its definition, 
we have ct(x) = x for x G B"p and this is a Q-linear involutive automorphism of JJ^g) which 
satisfies 0"(/x) = fo-{x) for any / G Q{q) and x G U~(g). 

3.1.1. For ^ = G '^^ define 

(3.1) NiO := I ((e, + E ^^(«- = ^ + 2(^, p)) . 

We have N{-ai) = for any i G / and A^(^ + v) = ^(6 + ^(^) + (C, v) for any ^,r] eQ. 
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Proposition 3.2. We assume x,y (z \J~{q) are homogenous. 

(1) If r(x) = ^ (8) x^2), we have 

r{x) = ^g-("*^(i)'™*^(2))x(^(»X(iy. 

(2) We set {x,y}K '■= (x, y)x, then we have 

(3) We have 

(7(3;) =g^(™t^)(*o-)(x). 

Proof. For convenience of the reader, we give a proof. 

(1) We follow the argument in |41l 1.2.10]. For generators of U~(0), we have = 
/j (g) 1 + 1 (g) /j = r{fi). We prove the assertion by the induction on wt, so we assume 
that (1) holds for homogenous x',x" and show that it holds also for x = x'x". First we 
write r{x') = J2^[i) ® ^[2) r{x") = Yl '^'li) ® ^(2)- assumption, we have r{x') = 
^g-("t^(i)'™*^'(2))^0^ and r(^) = ^ We have r{x'x") = 
r{x')r{x") = and 

Then the assertion follows. 

(2) We follow the argument in |4H Lemma 1.2.11 (2)]. For the generators, we have 
{fiJi}K = {fuh)K = q''^'"'f'HfiJi)K- 

We prove the assertion by the induction on tr(wtx) = tr(wty). We prove that (2) holds 
for y = y'y" and for any x assuming it holds for y',y"- First we write r{x) = CS* a^{2) 

with and X(2) homogenous. We have 

= ^g-(-t^{i)'«t=^{2))-^(-t^{i))-^(-t^(2))(x(2),*yOi^(a;(i),*y")if 

= ^g"^("*")(^(2),*y')A'(x(i),*y")i^, 

where we have used the induction hypothesis in the fourth equality. On the other hand, we 
have 

Hence we obtain the assertion. 

(3) We have {a{x),y) = Jx^ = *y) = o -)(x), y), where we used 
Lemma 12.131 Since this holds for any y, assertion follows. q.e.d 
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3.1.2. By its construction, we have a characterization of the dual canonical basis B^p in 
terms of the dual bar involution a and the crystal lattice ^(oo) of \J~{q). We note that 
.5f(oo) is a self-dual Aq lattice, see ()2.19p . and hence we do not need to the introduce the 
dual lattice of ^(oo). 

Proposition 3.3. We set 

U-(0)J := {x € U-(0);(x,U-(0)^)^ C A}. 
Then (^(oo), (t(^(cx))), U~ (g)^'') is a balanced triple for the dual canonical basis B^p. 
Here we have the following isomorphism of Q- vector spaces: 

^(oo) n a(^(oo)) n V;{q)J ^ ^(oo)/g^(oo). 
We denote its inverse by G^p. Then we have B"p = G"p(^(oo)). 

3.1.3. The above proposition gives a characterization of the dual canonical basis elements. 

Corollary 3.4 ([361 Proposition 16]). A homogenous x G U~(g)^^ nJ^{oo) n cr(^(oo)) is 
an element of the dual canonical basis if and only if there exists b G ^(oo) such that 

(j(x) = X, 

X = 6modg^(oo). 

3.1.4. We have the following compatibility of the dual canonical basis and the *-involution 
from Proposition 12.221 

Lemma 3.5. For b € ^{oo), we have 

G"P(*6) = *G"P(6). 

3.2. Compatible subset. In this subsection, we introduce the concept of compatible sub- 
sets of ^{oo). Roughly speaking, they are closed under the multiplication up to q^-shifts, 
considered as subsets of the dual canonical basis B"p. 

3.2.1. By Proposition 13.21 (3), we obtain the following. 
Proposition 3.6. For homogenous xi,X2 G U~(g), we have 
(3.7) a{xiX2) = g("*"^'"*"^V(x2)cT(xi). 

Then we obtain the following property. 
Corollary 3.8. Let 6i,&2 € =^(oo) and consider the following expansion 
G"P(6i)G-P(62) = Yl <,6,(9)G-P(6)- 

wt(6)=wt(6i)+wt(62) 

Then we have dl^ ,,^{q-^) = q^'"^''^''"^^^'^dl^ ,^^{q). In particular, if we have G"p(6i)G"p(&2) = 
g^CP(6i ® 62) for fei ® 62 e =^(00) and N e Z, then we have 

G"P(6i)G"P(62) = g-^-("**i'^'''^)G"P(62)G'^P(6i). 
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Proof. The first statement is clear from I^Jij. Suppose that G^p(6i)G"p(62) = g^G"P(6i®62) 
for 61 ® 62 G '^(oo) and N (£ Z, i.e., ^^^^^(g) = (862 ^'-'^ bi ® b2 (z ^{00). Then we have 

This implies that if G"p(6i) and G^p(62) satisfies 62 ^^-^ ~ 1^^b,bi®b2 some 61 ® 62 ^ 
=^(00), then G"P(&i) and G"p(62) g-commutes. q.e.d 

Motivated by this corollary, we introduce the following definition. 

Definition 3.9. (f) We denote j; ~ y for x,y G U~(0) if there exists N & Z such that 

N 

X = q y. 

(2) For 61,62 € =^(00), we call 61 and 62 are multiplicative or compatible if there exists a 
unique 61 ® 62 G ^(00) such that 

G"P(6i®62) ~G"P(6i)G^^P(62). 

By Corollarv 13.81 this condition is independent of the order on 61 and 62. We write 6i_L62 
when this holds. 

(3) Elements 61, • • • ,bi £ ^(00) are called compatible if the following holds 

G-P(6i) • • • G"P(60 ~ G"P(6i ® • • • ® 6;) 

for a unique 61 ® • • • ® 6; G i^(oo). This condition is also independent of the ordering on 
bi,--- ,bi. 

(4) An element 6 G ^{00) is called real if G"p(6)G"p(6) ~ G^p(6[2]) for a unique 6[2l g 
=^(00), that is 6±6. 

(5) An element 6 G =^(00) is called strongly real if G"p(6)'" ~ G"p(6H) for a unique 
6H G ^{00) for any m, that is 6, • • • , 6 is compatible for any m. 

m times 

(6) Elements 61, • • • , 6; is called strongly compatible if for any mi, ■ ■ ■ ,mi £ Z>o, the product 
G"P(6i)'"i • • • G"P(60"' ^ G"P(6f"'^ ® • • • ® b^p^) for a unique b^^'^ ® • • • ® b^^'^ G =^(00). 

Remark 3.10. For 61,62 G ^{00), we say a pair (61,62) is quasi- commutative if we have 
G"P(6i)G"P(62) ~ G"P(62)G"P(6i) following [3] and [50]. In [3], Berenstein and Zelevin- 
sky conjectured that the quasi-commutativity and compatibility is equivalent. The above 
corollary proves the Reineke's result that the compatibility for 61 and 62 implies the quasi- 
commutativity generalizes Reineke's result from when g is symmetric to arbitrary symmetriz- 
able Q. 

Remark 3.11. The relation 6i_L62 is not an equivalence relation, as there exists 6 which 
does not satisfies 6_L6. In particular, such elements are counter-examples for Berenstein- 
Zelevinsky's conjecture in [3]. In [33], Leclerc said that 6 is real if 6_L6 and imaginary other- 
wise. He constructed examples of imaginary elements in |33j . Other examples closely related 
to this paper are given in [321 Corollary 4.4]. 

Remark 3.12. Even if 6i_L62, we can not determine N in = q^Si,,bi®b2 in terms of 

weight of 61 , 62 . In ^ we have its explicit form in terms of the Lusztig data of 6 and b' 
associated with a reduced expression w. 

Corollary 3.13. (1) If 6i_L62, then *6i_L * 62. 
(2) If 6 is real, then *6 is also real. 
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3.2.2. Let jr^"*) := ir'"^/[m]\ and rj("*) := rj™'/[?n]!. These operators are adjoint of the 
left and right multipUcations of //'"^ by (I2.10ap . From Theorem 12.271 we get the fohowing 
expansions for the actions of ^A™-^ := ir"^ /[m]\ and rj^™) := /[m]\. 



Theorem 3.14. For b G ■'^{oo), we have 



(3.15a) ir("*)G^P(6) 
(3.15b) ri("^)G"P(6) 



'ei{h) 
m 

m 



ei{b')<ei(h)-m 
el{h')<e*{b)-m 



Where E^^^^M) = E^^MlK^hl) = E^H^) ^ ^- 
As a special case, we have the following result. 

Corollary 3.16 ([271 Lemma 5.1.1.]). Let h G ^(oo) with ei{h) = c (resp. e* (6) = c). Then 
we have ir('=)G"P(6) = G"P(ef'^^6) (resp. riWG"P(6) = G"P(e*"^^^6)). 

By the above corollary and (I2.7ap . we obtain the following result. 
Corollary 3.17 ([501 Lemma 2.1]). For 61,62 e ^(00) with 

G-P(6i)G"P(62) = j;<,,,(g)G"P(6), 
we have £«(&) < e.j(6i) + £1(62) for any i G / if h2^l) 7^ ^' equality holds at least one b. 

If fact, we can prove prove {q) = if £i{b) > (61) +£4(62) by the descending induction 
on ei{b). In particular, the positivity of assumed in [50], is not used in the proof. The 

second assertion follows from 

^3 = g^G-p(ir"^6i)G"p(gr^^62) 

E '?^d^„,,(g)G'^p(sr^^6) 

ei(bi)+ei{b2)=ei{b) 

for some G Z. 

As a corollary of Corollary 13.161 and Corollary 13.171 we obtain the following criterion. 



Corollary 3.19. (1) If 61^62, then ef'^'^bil-e^'^^b2 for any i G /. In fact, we have £^(61 ©62) = 
£i(6i) + £^(62) and gf ^^(61) ® e™^^(62) = ef'^''(6i ® 62)- Similar statement holds for e*"^^^. 

(2) If b is (resp. strongly) real, ef"^"^(6) is (resp. strongly) real for any i ^ I. In fact, we have 
ej(6N) = meiib) and (ej^^'^^ft)!™] = gmax^^[m]-j for m = 2 (resp. any m). Similar statement 
holds for e*'^^^. 

Lemma 3.20. If b is (resp. strongly) real, we have 6'^] = 6*2(6) (resp. 6[™'] = Sm{b))- 

Proof. For any 6 with tr(wt(6)) > 0, there exists i G / such that £i(6) > 0. Therefore we can 
connect 6 to Uoo by a path consisting of (strongly) real elements by successive applications of 
gniax'g^ From the formula in Corollary 13.191 (2), we get the assertion. q.e.d 
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3.3. Compatibilities of the dual canonical basis. In this subsection, we study the dual 
canonical basis of integrable highest weight modules and its compatibilities with tensor prod- 
ucts. 

3.3.1. We recall the definition of the dual canonical base of the integrable highest weight 
module V{X) following [27^ 4.2]. Kashiwara call it the upper global basis. Let M be an 
integrable Uq(0)-module with a weight decomposition M = ®xgp ^ ^ Ker(ej) PI Mx 

and < n < {hi, \), we define other modified root operators called the upper crystal operators: 

~np(An) , _ [{hi, X) - n + l]i An-i) 

e^ Ui U)- ^^^^ /. U, 

7up..(n) . _ [n+l]i An+1) 

[{h„X)-n]/^ 

We have a Q(g)-linear anti-automorphism ip on Uq(g) defined by 

(3.21) ^{e^) = fi, M) = e^, ^{q'') = q''. 

For A € P+, we have a unique symmetric non-degenerate bilinear form { , )x- ^(A) V{X) — > 
which satisfies 



(3.22a) {ip{x)u,v)x = {u,xv)x, for u,v £ V{X) and x € Ug(0), 

(3.22b) iux,ux)x = l- 

Then we have 

(3.23a) {^^u,v)x = {u,fl"'"v)x, 

(3.23b) {f^^u,v)x = {u,^rv)x. 

Using (•, •)a, we define the dual bar involution ax by 



icrxu,v)x := iu,v)x. 
This is well-defined since (•, ■)x is a non-degenerate bilinear form. We set 
(3.24a) V{X)J := {u G y(A); (n, V{X)a)x C A}, 

(3.24b) Jf'^P(A) := {u G F(A); (n, ^'°'"{X))x C Ao}. 



Thenwehave(7A(^''P(A)) = {u G ^(A); (u,^i°«(A))a C ^oo}- Kashiwara denote cta(^"p( A)) 
by ^F^'^iX). The triple (^"P(A), aA(^"P(A)), T/(A) J) is balanced by [271 Lemma 2.2.3]. 

Proposition 3.25. Let ^'^p(A) be the dual basis of =^^°™(A) with respect to the induced 
pairing (-.^a: ^"P(A)/g^"P(A) x ^i°"(A)/g^i°"(A) ^ Q, then the pair (^"p(A), =^"p(A)) 
is an upper crystal base, that is 

(1) .^"P(A) is a free ^-module with Q(g) (E)^^ ^"p(A) ~ ■^^(A), 

(2) /;'P^"P(A) C ^"P(A) and g;'Pjf"P(A) C ^"p(A), 

(3) ^"P(A) C ^"P(A)/g^"P(A) is a Q-basis, 

(4) SJ'P=^^P(A) C =^^"P(A) U {0} and /7^"p(A) C =^^"p(A) U {0}, 

(5) For b, b' G ^"P(A), b = Jl'^b' is equivalent to e^^ = b' . 
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Let be the inverse of F(A)J n ^"p(A) n (Ta(^''p(A)) ^ ^"P(A)/g^"P(A). The set 
G^^(^"P(A)) is called the dual canonical basis of y(A). By its construction, the dual canonical 
basis is the dual basis of the canonical basis with respect to ( , )\. We also have 

(3.26) ^"P(A)^ = g(A,A)/2~{/.,/.)/2^1ow^^)^ ^ g 

see [271 (4.2.9)]. By Km . we obtain an isomorphism ^"p (A) /g^^P (A) ~ ^i°™(A)/g^'°"(A). 
Through this identification, we have a bijection ,^'^p(A) ~ i^^°™(A), and this bijection is an 
isomorphism of abstract crystals associated with upper and lower crystal basis. Hence we can 
identify =^^p(A) with =^'°"(A) and denote both by =^(A) hereafter. If e WX, this identifi- 
cation is given by the identity as (A, A) = (/i, /i). We can also prove that the canonical base 
elements and the dual canonical base elements coincide in this case. 

Remark 3.27. For U~(g), we consider the Q((7)-linear anti-automorphism a of the reduced 
g-analogue ^^(g) defined by 

(3.28) a{ir) = fi, a{fi) = ^r. 

Since the (lower) crystal lattice is self-dual by Kashiwara's bilinear form (•,-)e', we do not 
need to consider the dual lattice of ^(oo). 

3.3.2. Using the pairing ( , )\, we consider an Q((7)-linear embedding j\: V{X) — )• (3) 
which is defined in the following commutative diagram: 

V{X) — ^y(A)* 
U-(g)— U,-(0)*, 

where the horizontal isomorphisms are induced by the non-degenerate inner products on 
V{\) and Ug"(g) and the right vertical homomorphism is the transpose of U~(g)-module 
homomorphism t^x: U~(g) — ?• V{\) given by P 1— ?> Pu\. Then for h € =^(A), we have 
j\G^{b) = G"P(ja(&)), where jx in the right hand side was defined just after Theorem 12.251 
Thanks to this equality, there is no fear of confusion even though we use the same symbol jx 
for different maps. 

3.3.3. We use the following result in [351 7.3.2]. For A, Ai, A2, • • • , A^ G -P+ with A = J2j -^j; 

let ^>(Ai, • • • ,Xr): V{Xi + A2 H h A^) ^ ^(Ai) <8> • • • F(Ar) be the unique Ug(g)-module 

homomorphism with <l*(Ai, • • • , Xr){ux) = ux^ (8) • • • (8> ux^- Then we have the corresponding 
embeddings 

^>(Ai, • • • , A,.) : ^(A) ^ B§{Xi) (g) • • • ® S§{Xr), 

<^(Ai, • • • , A,)(^i°-(A)) c ^i°-(Ai) • • • ifi°-(A,). 

(See \Zb\ §4.2].) Hence we obtain 

$(Ai, • • • , Xr){G'r{h)) ^ ^17(61) • • • ® Gt"(6r) mod<7(^i°™(Ai) • • • ^i°"(A,)) 

for $(Ai, • • • ,Xr){h) = hi® ■ ■ ■ ®br for some bj € ^'°™(Aj). 
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Let ^Ai,--- ,\r '■ • ■(dV{Xr) ^(A) be the homomorphism defined by the commutative 

diagram 

V{Xi) (g) • • • V{\r) V{Xi)* ® • • • (8) ViXrY 



*(Al,-,Ar)* 



v{x) v{xr, 

where the upper horizontal isomorphism is induced by the non-degenerate inner product 
(•, OAir-'.Ar •= (■) ')xi ■■■(■; ')xr ^(''^i) • • • ® yiK), the lower horizontal isomorphism is 
induced by the non-degenrate inner product (•, •)a on V{X) and the right vertical homomor- 
phism is the transpose of <^>(Ai, • • • ,Xr). 

Proposition 3.29. Let Ai,-- - , A,. G P+ and bj € 3S{Xj) (1 < j < r). Assume that there 
exists 6i o • • • o 6r G ^(I] Aj) with $(Ai, A2, • • • , Ar-)(6i o • • • o 6^) = bi® ■■■ ®br G ^(Ai) (g) 
■ ■ • (8) I^{Xr). Then we have the following equality 

qx,,- ,XriGT,ibi) ® • • • Gl'^Xbr)) = G7(6i o 62 o • • • o 6,) modgif"P(A). 

We give the proof for a completeness. 

Proof. We have qx, ... a (=^"p(Ai) (S>Ao ' ' ' ®Ao -^""^{Xr)) C ^"p(A), in particular we have 

Hence to show the statement, it suffices to compute the following inner product 

iqx.,-,xAGZ{b,) ® • • • Gl^^{br)),G'r{b))xU=o 

for b € ^(A). By its definition of gAi,... ,Xrj this is equal to (6i(8>- • -(8)6,., $(Ai, • • • , Ar)(6))Ai, .. ,Arlc2=o- 
Since the tensor product of the dual canonical basis is the dual of the tensor product of the 
canonical basis, this is equal to 56j,g,...,g,fe^^$(Ai,... ,Ar)(fe) = 5biob20 - obr,b- Hence we obtained the 
assertion. q.e.d 

3.3.4. To compute a product of dual canonical basis elements of integble highest weight 
modules, we need the following modification of the coproduct as in \36\ 7.2.5, 7.2.6]. 

Lemma 3.30. For A,/U € P+, let ta,^: U~(3) — )• U~(g) (g)U~(g) be the Q{q)-lmeaT map 
defined by 

for G U-(5) with r(Gi°"(6)) = Y^b.M 4,,b2^l)G^°^ {h) O Gi°*(62). Then we have the 

commutative diagram of Q(g)-vector spaces 

U-(fl) ^^i^^A + Zi) 



-f(A,M) 



u,~(0) ^ u-(0) — - y(A) y(;u). 

Using the above modification, we obtain the following formula. 
Proposition 3.31. For 61 G =^(A) and 62 G ^(/.i), we have 

'?^™*'^-"''^G"P(jA(&i))G"P(j^(62)) = Ja4-/.9a,m(G7(^i) ® G;iP(62)). 
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3.3.5. Combining Proposition 13.311 with Proposition 13. 29^ we obtain the following proposi- 
tion. 

Proposition 3.32. Let Ai,-- - , A,. € P+ and bj G (1 < j < r). Assume that there 

exists biO---ohr € -^{Y^ Xj) with <I>(Ai, A2, • ■ ■ , Ar-)(fei o • • • o 6^) = fei (8) • • • (g) 6r S -^(Ai) (8) 
• • • (8) ^(Ar). Then there exists a unique m G Z such that 

g'"G'^P(jA,(6i)) • • • G'^P(jv(6.)) = G^^ijj^ySh o • • -obr)) mod<?^(oo). 

4. Quantum unipotent subgroup and the dual canonical basis 

4.1. The Lie algebra n{w). 

4.1.1. Let w W he an element of the Weyl group associated with g. Let A^{w) := 
A"*" n wA~ = {a € A^\w~^a < 0} C A+. We have the following description of A'^{w) as 
follows ([m Lemma 1.3.14]). 

For a Weyl group element w, let w = {ii,i2, ■ ■ ■ & R{w) be a reduced expression of w, 
where R{w) is the set of reduced expression of w. For each 1 < k < I = l{w), we set 

:= ■ ■ ■ Si^_^ (o^ifc )• 

Then A'^[w) has cardinality exactly equal to / = l{'w) and we have 

A+{w) = {h]i<k<i- 

Let 

n{w) = 

agA+(-u)) 

Let N{w) be the corresponding (pro-)unipotent (pro-) group in [311 VI]. Then N{w) is a 
unipotent algebraic group of dimension l{w) and its Lie algebra is x\.{w). We can identify the 
restricted dual C/(n(w))*j. of U{n{w)) with the coordinate ring of N{w), that is U{n{w))*^^ ~ 
C[N{w)], see |23l 5.2] for more details. 

4.2. Braid group symmetry on Ug(g). We define (quantum) root vectors, using Lusztig's 
braid group symmetry {Tj} on Ug(g). See [HI Chapter 32] for more details. 

4.2.1. Following [41] 37.1.3], we define the Q((7)-algebra automorphisms T/g : Uq(g) — > Uq(0) 
for z G / and e € {±1} by 



(4.1a) 


^'e('z') 




(4.1b) 




~ fii 


(4.1c) 


TlAfi) 




(4.1d) 


TU^j) 








r+s=-(hi,aj) 


(4.1e) 


TIM 





r+s=-{hi,aj) 



22 YOSHIYUKI KIMURA 

For i £ I and e G {il}, we also define the Q(g)-algebra automorphisms T/^: \Jq{Q) 



U,(0) by 






(4.2a) 






(4.2b) 






(4.2c) 






(4.2d) 




E 






r+s=-(/i, 


(4.2e) 




E 



(-Wef^e.eS^^forj/i, 
(-l)'-gr7r/,/f^forjy^i. 

r+s=-(/ii,aj) 

We have 

(4.3) Tl^l[_, = Tl[_^l, = id. 

In the fohowing, we write Tj = T^'^ and T^~^ = as in \52\ Proposition 1.3.1]. 

4.2.2. We define a (^-analogue of the action of the Weyl group on integrable module following 
[iT| Chapter 5] and [52]. We use a g-analogue of exponential expg(x) defined by 



exp, 



n{n-l)/2 



n>0 



We have 

(4.4) expg(x) exp^-i (— x) = 1. 

For i G /, we define Si ([521 (1.2.2), (1.2.13)]) by 

(4.5a) Si := exp -i {q:r^eit~^) exp -i (-/i) exp -i {qieiti)q'^''-'^'^^^^^ 

(4.5b) = exp i(-grV,t,)exp i(e,)exp i(-gJ,tri)gf'('^'+i)/2_ 

For integrable Ug(0)-modules, the action of Si is well-defined. It is known that the action of 
{Si}i^i satisfies the braid group relations for the Weyl group W. 
The braid group symmetry {Ti}i^i defined above is described as 

(4.6) Tiix) = SixS-\ 

where the elements are considered in the endomorphism ring of integrable modules, see 
1.3] for more details. 

4.2.3. We have the following relationship between Ti,T^^ and the *-involution. 
Proposition 4.7 (pi, 37.2.4]). We have 
(4.8) *oriO* = 7;"\ 

4.3. Quantum nilpotent subalgebra Ug (u;,e). 
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4.3.1. We define root vectors associated witli w = (ii, • • • £ R{w) for w G W. See [JU 
Proposition 40.1.3, Proposition 41.1.4] for more detail. For w £ W and w € R{w), we define 
/3fc as above. We define the root vectors Ff,[l3k) associated with /3fc G lS.{w) and e G {±1} by 

It is known that Fe{/3k) G U~(0). We note that F(.{fik) does depend on the choice of u; G R{w). 
We define its divided power by 

i^(c/3fc) :=I-...I-_^(iJ)) 
for c > 1. It is known that Fe{c(3k) G U~(0)^. 
4.3.2. 

Theorem 4.9 ([HI Proposition 40.2.1, Proposition 41.1.3]). (1) For w € W, w £ R{w), 
e G {±1} and c G Z>0) we set 

^ ^^ f ^e(ci/3i) • • • Feicipi) if e = +1, 
e[c,w). ife = -l. 

Then {Fe{c,w)}^^^i^ ^ forms a basis of a subspace \J~{w,e) of U~(g) which does not depend 
on w. 

(2) We have Fe{c, w) G V~{q)j[ for any c G Z>g. 

4.3.3. We recall commutation relations for root vectors and its divied powers {F{ckl3k)}i<k<i,Ck>ij 
known as the Levendorskii-Soibelman formula. See [38]; [I] or [58] for more details. 

In this subsections, we give statements for the e = +1 case. We can obtain the correspond- 
ing results for the e = — 1 case, applying the *-involution (j4.8p . So we denote Fe(c/3), Fe{c, w) 
by F{c(3), F{c,w) by omitting e. 

Let w G W, w = (ii, ^2) • ■ ■ ^k) £ R{w) and fix a total order on A~^{w) given by 

/3i < /32 < ••• < A- 

Theorem 4.10 ( [48^ Proposition 3.6], [381 5.5.2 Proposition]). For j < k, let us write 

F{ckl3k)F{cj/3j) - (?-(^^^-^'=^^)F(c,-/3,)F(cfc/3fc) = J] /c'F(c',t?) 

with /c' G Q{q). If /c' 7^ 0, then c'j < cj and ^ < Cfc with X]j<^<fc c^/3m = cj/Jj + Cfc/3fc. 

4.3.4. The following proposition is a consequence of Theorem l4.10[ (cf. [371 2.4.2 Proposition 
Theorem b)] and jll^ 2.2 Proposition].) 

Proposition 4.11. Let w = {ii,i2, ■ ■ ■ , ii) be a reduced expression for w £W and e G {±1}- 
Then the subspace \J~{w,e) is a Q(g)-subalgebra generated by {i^e(/3fc)}i<fc<«- 

We call it the quantum nilpotent suhalgehra associated with w G W . 

4.3.5. We define a lexicographic order < on Z>q associated with w G R{w) by 

c = (ci,C2, • • • ,q) < c' = (4,4, • • • ,c;) 
<^=^ there exists 1 < p < / such that ci = 4, • • • , Cp_i = Cp_;^, Cp < c'p. 
The following theorem is obtained as a consequence of the Levendorskii-Soibelmann formula. 
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Theorem 4.12. Let w ^ W and w G R{w) be its reduced expression. For c € Z>0) we 
consider the following Q(q')-subspace T'^^\J~{w): 

-^cU-M :=0Q(<?)F(c'». 

c'<c 

Then 

(1) {-^<cU~(u;)}pg2'^ forms an increasing filtration on \J~{w). 

(2) The associated graded algebra gr"'U~(ii;) is generated by {gr"'(F(/3fc))|l < k < 1} with 
relations: 

gr-(F(/3fc))gr''(F(/3,-)) = g-(^-^'=)gr'^(F(/3,))gr'^(F(/3fc)) (j < k). 

We call this the De Concini-Kac filtration. 

4.4. PBW basis and the canonical base. In this subsection, we recall compatibilities 
between Lusztig's braid symmetry {Tjjjg/ and the canonical base. For more details, see [4T| 
Chapter 38], [43] and [52]. 

Lemma 4.13 ([41' Proposition 38.1.6, Lemma 38.1.5]). (1) For f € I, we have 

:={xGU7;,r(x)=0}, 
={xeV-;Tr^{x)eV-}, 
*U-[i] ■.={xGlJ~;riix)=0}, 

={xelJ~;Ti{x) e\J~}. 
(2) For i G /, we have the following orthogonal decompositions: 

u," = u^[i] hu- = *u-[i] © u-/,. 

From Lemma 14.131 and Theorem 12.291 we obtain the following result. 

Proposition 4.14. For n > and i £ I, the subspaces 0fc=o//'U~[i] and ®k=o*^q[''']fi 
are compatible with the dual canonical base and we have 

n 

0/fU-[i]= Q{q)G-^{b), 

k=0 be.SS{oo),ei{b)<n 

n 

0*U-W/f= Q{q)G-^{b). 

k=0 be,«(oo),e*(fe)<n 

Let *7r: — > U~[i] (resp. vr*: ^ *U~[i]) be the orthogonal projection whose kernel 
is /jU~(0) (resp. \J~{g)fi). The following result is due to Saito and Lusztig. 

Theorem 4.15 ([52l Prospoition 3.4.7, Corollary 3.4.8], [131 Theorem 1.2]). For b € ^(oo) 
with e*{b) = 0, we have 

T,(^*Gi°-(6)) = V(Gi°-(A,(6))) e if (oo), 
where : {be ^{oo);e*{b) = 0} ^- {6 G ^{oo);ei{b) = 0} is the bijection given by Ai(6) = 
J*^m^(b)^ and its inverse is given by Ar\b) = ff^''>^'*^'h. 



By Theorem 14. 15^ we obtain the following result. 
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Theorem 4.16 ([52l Theorem 4.1.2], gSl Proposition 8.2]). For w eW,w = (ii,i2, • • • € 
R{w) and e G {±1}, 

(1) we have Ff,{c,w) £ ^(oo) and 

be{c,w) = Fe{c,w)modqJ^{oo) G ^(oo). 

(b) The map Z>o ~^ ^ipo) which is defined by c i— > he{c,w) is injective. We denote the 
image by ^^{w,e) and this does not depend on a choice of 5; G R{w). 

For fixed w G R{w), we denote the inverse of c i-)- 6e(c,ty) by L^^w'. ^{w,e) — > Z>o- This 
map is cahed Lusztig data of h associated with iB. 

4.4.1. As a corollary of the above description, we have the following properties. 

Corollary 4.17. (1) We have KiSn,{h) = 5„A»(6) for 6 G {6 G .SS{oo)]e*{h) = 0}. 

(2) We have Sm'- ^{w,e) !^{w,e) for any m > 1 and Sm{be{c,w)) = be{mc,w). 

(3) We have *{j^{w,e)) = ^^{w,—e) and *be{c,w) = b-e{c,w). 

4.5. Inner products of PBW basis. By 12.121 we have the following modification of [iT| 
Proposition 38.2.1]. 

Proposition 4.18. For x,y G U~(g)^ with x,y £ Vq[i] (resp. with x,y £ *U~[i]), we have 

ix,y)K = (1 - qfr^^-^\T-'x,T-'y)K (resp. (1 - g2)-('^»-0(T,x, T.y)^). 

4.5.1. We have the following formula for inner product of PBW basis with respect to Lusztig's 
bilinear form ( , )l. For more details, see |4H Propsition 38.2.3]. 

Proposition 4.19. Let w £ W and w G R{w) with / = ({w). We have 

k=l s=l^ k=l W^fc - j MCfcJi, 

4.6. Compatibility with Tj and the dual canonical base. 

4.6.1. By using the above results, we obtain the following compatibility between the dual 
canonical basis and Lusztig's braid group symmetry Tj. 

Theorem 4.20. For b G ,^{oo) wiht e*{b) = 0, we have 

(1 - qf)^''''^^TiG''P{b) = G"P(A,6). 
Proof. We shall prove that ((1 - qfY''^^^^T^G''P{b),G^°'"ib'))K = 4',a.(6)- By Lemma 
(1 - qf)(^^'^^{TiG^P{b),G^°'^{b'))K is equal to (1 - g2)(^.,0(TiG"P(6), VG'°^(6'))i^. By the 
Proposition gH this is equal to (G"p(6), i;"^*7rG'°"(6'))i^. Using TheoremESl we have 

(G"P(6),7;"^VG'°"(5'))i^ = (G"P(6),^*Gi°"(A-i6'))/^ 

= (G^^P(6),Gi°-(Ari6'))i^ = 
Then we obtain the assertion. q.e.d 

As a corollary, we obtain the following multiplicative properties. 
Corollary 4.21. (1) For 61,62 G =^(00) with £*{bi) = e*{b2) = (resp. ei{bi) = £^(62) = 0) 
and 61^62, we have Ai(6i)±Ai(62) (resp. Ari(6i)_LA^"^(62))- 

(2) If 6 G ^(00) with e*{b) = (resp. ei{b) = 0) is (strongly) real, then Aj(6) (resp. A~^(6)) 
is also (strongly) real. 
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4.7. Compatibility with the dual canonical basis. In this subsection, we prove the com- 
patibihty of the dual canonical basis with the Q(g)-subalgebra U~(w,e). This is a straight- 
forward generalization of (£1 2.2 Proposition] and [32i Theorem 4.1]. Here we fix w (zW and 
w G Ri^w). 

Theorem 4.22. For w e W and e G {±1}, the triple (U~{w,e) n ^(oo), U~(t(;, e) n 
(T(Jf (oo)), U~ (tf, e) nU~(g)^^) is balanced, in particular we have 

be,^{w,e) 

The proof of this theorem occupies the rest of this subsection. As in [36\ 3.4], |341 Propo- 
sition 31, Corollary 41] and |9], we first prove that the dual root vectors are contained in the 
dual canonical basis and then prove the unitriangular property of upper global basis with 
respect to the dual PBW basis. The compatibility with the dual canonical basis is its direct 
consequence. 

Our proof needs an extra step from ones in \36\ [3^ [9] , as it is not known that the PBW 
basis is an >l.-basis of U~(g)y^ n \J~{w) unless g is of finite or affine type. 

4.7.1. 

Proposition 4.23. (1) For z G I and n > 1, let 



An) 
J i 



, Jn) An)-. 
Ui ; Ji )K 



Then we have F"P(nai) G B^^p, (F^^'f)" G g^B^P and F'^P(nai)F^P(mai) = g™"F"P((m-Fn)ai 
(2) Forn > 1 and 1 < /c < /, let 

F{nl3k) 



{F{nh),F{nh))K 

Then we have F"P(n/3fc) G B"p, F"P(/3fe)" G g^B"P and F"P(n/3fc)F"P(m/3fc) = g™"F"P((m + 



1 we have F"P(n/3fc) G B 
n)h) 

Proof. Since F^'^'^ are the canonical base elements and dimU~(g)_nai = 1 for any re > 1, 
i^'^P(reaj) are the dual canonical base elements by its definition. By Proposition 14.191 and 
Lemma l2.12t we have 



n 



{Ft\Ft\ = {l-qhVX{{l-"'' 



71 ( n — 1 ) 
2 



Therefore we have (-F"P(aj))" = ^ F^P{nai) G B"p, in particular F"P(aj) is a strongly 
real element. Applying Theorem 14.201 we obtain the result for F"P(re/3fc) for 1 < k < I. q.e.d 

4.7.2. For the computation of the action of the dual bar involution a, we need an integrality 
property of the Levendorskii-Soibelman's formula for the dual root vectors and its multiple. 

For w G W, w G R{w) and e G {±1}, we set 

^ ' ^ {F,{c,w),F,{c,w))k ^ ' 
This is the dual basis of {Fe{c,w)} with respect to Kashiwara's bilinear form As 
before, when we consider only the e = 1 case, we omit the subscript e. 
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Theorem 4.24 (dual Levendorskii-Soibelman formula). For j < k, we write 

Then /*, G A and if /*, / 0, then c'j < cj and c'^ < Cfe with X^j<^<fc c^/3m = Cj/3j + Cfc/3fc. 

Proof. Firstly, a weaker statement that /*, € Q((7) with the above conditions follows from 
Theorem 14. 101 and Proposition 14. 191 Let us prove that /*, G A. Since the twisted coproduct r 
preserves the >l-form U~(g)^, the dual integral form \J~{q)^ is an ^-subalgebra of U~(0). 
Therefore the left hand side belongs to U~ (g)^ by Proposition l4.23l Taking the inner product 
with F{c',w), we find /*, G A thanks to Theorem 14.91 q.e.d 

In particular, we have the ^-subalgebra \J~{w, e)'^ of U~(it;, e) generated by {-F"P(c/?fc)}i<fc<;,c>i- 
This subalgebra has a free ^-basis {Fe"^ {c,w);c G Z>o}- We call this base the dual PBW 
basis. 

4.7.3. We compute the action of the dual bar involution a on the dual PBW basis. The 
following is straightforward generalization of O 2.1 Corollary (i)], and follows from (j3.7p and 
Theorem [121 

Proposition 4.25. We have 

a(F"P(c,5^)) = F"P(c,5J) + J] /,V(g)i^"P(c'», 

c'<c 

where f*^^, (q) G A. 
4.7.4. 

Theorem 4.26. (1) Let w W and w G R^w). Then there exists a unique ^-basis 
{B^^{c,w);c G Z>o} of U~(ii),e)^P with the following properties: 

(4.27a) cj(S^P(c, w)) = S^p(c, w), 

(4.27b) F"P(c, 5J) = B''P{c,w) + ^ (/Pe,c'5"P(c', tl^), (/?c,c' G q^q]- 

c'<c 

(2) We have B''p{c,w) = G''P{b{c,w)). 

Proof. The proof of (1) is the same as one for the existence of Kazhdan-Lusztig polynomials. 
The only claim we need is Proposition 14.251 

(2) Since we have fdq) = {F{c,w), F{c,w))k G Aq and /c(0) = 1, we obtain 

5"P(c, w) = F"P(c, w) = b{c, w) mod q^{oo). 

Therefore (2) follows from (1) and Proposition 13.41 q.e.d 

As a corollary, we have \J~{w,e)^ = \J~{w,e) fl (0)^p since {G^P(&)}6g.^(oo) is an 
^-basis of U~(0)^. Together with this result. Theorem 14.261 implies Theorem 14.221 
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4.8. In this subsection, we study basic commutation relation among the dual canonical basis 
of \J~{w,e = 1). The following is a generalization of [50^ Proposition 4.2], and follows from 
the characterization of dual canonical basis in terms of dual PBW basis. For c,c' G ZIq, we 
set 

Cffi(c,c') = ^(cfc/3fc,c;/3/) - -^Cfc4(/3fc,/3fc). 

l<k k 

Proposition 4.28. We have 

G"P(6(c, iy))G"P(6(c', w)) = g-^»(^'^')G"P(6(c + c', w)) + <c'(9)G''P(6(d, w)), 
where d < c + c' and d'^^,{q) € A. 

Corollary 4.29. If b{c,'w)-Lb{c' ,w), we have 

G"P(6(c, ?I5))G"P(6(c, w)) ~ G"P(6(c + c', w)), 
that is 6(c, w) ® b{c' ,w) = b{c + c', u;). 

4.8.1. Using Proposition l4.28l we have the following expression of g-power of the g-commuting 
dual canonical basis elements in ^{w,e = 1) as in [36] Proposition 18]. 

Proposition 4.30. UG''P{b{c,w))G''P{b{c',w)) = g-^-(^'^')G"P(6(c', {?))G"p(6(c, w)), then 
we have 

(4.31) A'{5(C, C') = Cq,{c, C') - C{5(c', c). 

4.9. In this subsection, we recall the specialization of \J~{w, e) at q = 1. 

4.9.1. We have the following property of the specialization of U~ at g = 1. 
Theorem 4.32 ([HI §33.1]). There is an isomorphism of algebras: 

<!>: C/(n) ^C0^Ug"(0)^ 

which sends fi to fi. 

Let r: U{n) U{n) (g) U{n) be the coproduct defined by r(/) = /(g)l + l(g)/for/Gn. 
Here we note that U{n) is generated by {fi}i£i as algebra. Since the specializatioin of the 
twisted coproduct satisfies this relation on the generators, the above is an isomorphism of 
bialgebras. 

4.9.2. Let C[A^] be the restricted dual of the universal enveloping algebra U{n) of the Lie 
algebra n, that is 

C[N] :=0C/(n)|. 

We take the dual U~(0)^p of U~(0)^ as before. Since the multiplication of U~(g) pre- 
serves \J~{g)_A, the twisted coproduct r preserves the dual integral form U~(0)^p, that is 
r(U-(0):\P)cU-(0)7®U-(s)J. 

Let r*: C[N] (g) C[N] C[N] be a product so that {r*{(p (g) ip'),x) = {ip (g ip' ,r{x)) holds 
for any x G U{n) and fi* : C[N] ^ C[A^] (g) C[N] be a coproduct so that {fj,*{ip),x x') = 
{ip,fj:{x (gx')) holds for any x,x' G U{n), where ^: U{n) (g U{n) U{n) is the product on 
U{n). The above isomorphism $ induces the following. 



4.9.3. Let 



for i ^ I. Then we have 
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Proposition 4.33. There is an isomorphism of bialgebras 

$"P:C®^U-(0)J^C[iV], 

that is we have 

^* o = ($"P ® $"P) o r, 
r* o ($"P (g) $"P) = ^."P o ^t. 

Oi := exp(-/i)exp(ej)exp(-/i) 
= exp(ej)exp(-/i)exp(ei), 

(fjj)"^ = exp(/i)exp(-ei)exp(/i) 

= exp(-ei)exp(/i)exp(-ej). 

(This is equal to Sj used in [231 7.1].) The action of cij is weh-defined on integrable 

g-modules, especially on the adjoint representation of g. Under the specialization at g = 1, 
we have Oi = <S'j|g=i. 

4.9.4. For w G R{w) and e G {±1}, let 
Then we have feiPk) ^ 0-;Sfe and 

n(u;) = C/e(/3fc). 
i<fe<; 

By the definition, feif^k) is the specialization of Fe(/3fc)- 

4.9.5. Let C[A^(i«)] be the restricted dual of the universal enveloping algebra U{n{w)) as- 
sociated with n{w). We consider a basis of n{w) given by {fei(3k)}i<k<i and also a basis 
{/e(/3fc)}i<A;<i U {/(} of which includes {feiPk)}i<k<i as in [231 4.3]. Here we fix a total 
order on the basis of g by 

/e(/3l)<---</e(/3fc)</i</2<---- 

By the Poincare-Birkhoff-Witt basis theorem, we have a basis of U{n) given by 

'/e(/3i)('=^) • • • fei^'^^fi^"'^ ■ ■ ■ when e = 1, 
■■■ /{^'^Ve(A)('') • • • /e(/3i)(^^) when e = -1, 

and also a basis of C/(n(w)) given by 



fei{c,d),w) :-- 



'/e(/3i)('=^)---/e(/3/)('=') whene = 1, 
/e(A)('')---/e(/3i)(^i) whene = -l, 



fe{c,w) :-- 

where x^^^ = x^/c\ for x € g and c G Z>o. We have $(/e(c, {?)) = Fe(c, ■u;)|g=i. 
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4.9.6. Let {f*{c,w)} (resp. {/*((c, d), be the dual basis of {/e(c, u;)} (resp. {/e((c, d), {?)}). 
Using these, we obtain a section of C[A^] — > C[A^('u;)] as algebras. 

Lemma 4.34. Let tt^: C[N{w)] — t- C[A^] be a C-linear homomorphism defined by 

i;(/:(c») :=/:((c,o)». 

Then it is an algebra embedding. 

Proof. First {'^:^{f*{ci,w))-nl{f*{c2,w)),fe{{c',d'),w)) is equal to 

(^;(/:(ci, ^;(/:(c2, i?)), r(/e((c', d'), 5^))> . 

We note that 

(4.35) rimc',d'),w)) = /e((c'i,d;)») ^ /e((c'2, d^)»). 

c'i+c'2=c',d;+di,=d' 

Hence the above is equal to (^ci+c2,c'^o,d'- On the other hand, we consider 

{^Uf:ici,w) ■ f:{c2,w)), /e((c', d'),w)) . 

By g35]), we have /*(ci,55) • /*(c2,TiJ) := r*(/*(ci,u;) /^(cs,^^)) = /*(ci + C2,w). Then 
the above is equal to (7r^(/e(ci + C2, w)), /e((c', d'), w)) = 5ci+c2,c"^o,d'- Then the assertion 
holds. q.e.d 

By [23l Proposition 8.2], this embedding does not depend on the choice of w £ R{w) and 
of the basis of q. 

4.9.7. We study the image of \J^{w, (g)^ C under the isomorphism $^p. 
Lemma 4.36. Let f Qa with a € A-|„ \ A_|„(tt;), we have 

(/,$-P(G-P(6)|,=i)) = 

for b e ^{w,e). 

Proof. Suppose that b G ^{w, e) and / G with (/, ^"^^ {C^^ {b)\q=i)) / 0. Then we have 

a = ^ akh 

l<k<l 

for some G Z>o- By the definition of A^{w), we have w~^a G and OfcA) € 

Q_. This is a contradiction. Hence we get the assertion. q.e.d 

4.9.8. We have the following formula of the (twisted) coproduct of the root vectors F{f3k), 
see [ini 3.5 Corollary 3]. 

Proposition 4.37. We have the following expansion: 

r(F(/3fc)) - (1 F(/3fc) + F{pk) ® 1) = ^ xe F(c, w), 

c 

where Xc G U~(0) and if 7^ 0, then = for k' > k. 

We have the compatibility of the twisted coproduct r with U~(t«, e) (cf. [371 2.4.2 Theorem 
c)]). 
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Proposition 4.38. We have 

r(U-K +1) J) C U^"(0) J ® +1) J, 

r{V-{w, -1) J) C lJ-{w, U-(5) J, 
that is \J~{w,+iy^ (resp. U~(u;,— 1)^) is a left (resp. right) Ug"(g)^^-comodule. 

Proof. Recall that we proved \J~{w,e)^ = \Jg{w,e) n V~{q)^ during the proof of Theo- 
rem [3221 Since r preserves the dual ^-form \J~{q)^ , it suffices to prove a weaker statement, 
that is 

r(U-(t/;,+l)) CU-(5)cg)U-K+l), 

r(U-K -1)) C U-(u;, -1) U-(g). 

Moreover if we apply the *-involution, we obtain the claim for the e = — 1 case from the claim 
for the e = 1 case. So it is enough to prove the e = 1 case. This assertion is a consequence of 
Proposition 14.111 and Proposition 14.371 q.e.d 

4.9.9. 

Theorem 4.39. Under the algebra homomorphism $"p, we have 

C^A V-{w,e)J ^C[N{w)]. 

In view of this theorem, the quantum nilpotent subalgebra \J~{w, e) can be considered as 
the "quantum coordinate ring" of the corresponding unipotent subgroup N{w), so we call it 
the quantum unipotent subgroup and denote it by Oq[N{w)]. 

Proof. We compute the following inner product: 

<cI>"P(F,-P(c,5^)|,=i),/e((c',d'),5i)>. 

First we have 

(<i>^^P(F-P(c,ziy)|,=i),/e((c',d'),S5)) 

^ ^{^^*{^^nFe''{c,w)U=l)Je{{c',O),w)0U{O,d'),w)) whene = l 

\ (M*(<5-P(Fe"P(c, W)\g=l), /e((0, d'),w) ® /e((c', 0),w)) wheu 6 = -1 

^ r (($-P $-P)(r(Fe"P(c, w)\g=i))Je{{c', 0),w) /e((0, d'), w)) when e = 1 

I ( ($"P $"P ) (r (Fe"P (c , 5i) I g=i ) ) , ( (0, d' ) , 1? ) ® /e ( (c' , 0) , 5^) ) when e = - 1 
= 

if d' 7^ 0. This follows from Lemma 14.361 and Proposition 14.381 Hence it suffices to compute 
the following form 

(<I>-P(F-P(c,5^)|,=i),/e(c',t?)>. 

This is equal to {F^'\c,w)\g=i,^{fe{c',w))) = {F''P{c,w)\q=i, Fe{c' ,w)\q=i) = (5e,c'. Hence 
we have ^^P{Fe^{c,w)\q=i) = /*((c, 0), w) and the assertion. q.e.d 

5. Quantum closed unipotent cell and the dual canonical basis 

5.1. Demazure-Schubert filtration U~. We recall the definition of the Demazure-Schubert 
filtration U~ associated with a Weyl group element w € W. 
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5.1.1. Let i = (ii, • • • be a sequence in / and Uj the Q(g)-linear subspace spanned by 
the monomials i^/"^^ • • • -^/"'^ for all {ai,a2, • • • , a;) ^ ^>0' that is 

Ur:= Q{q)Ft^---F^^^K 

ai,a2,--- ,a;eZ>o 

By its definition, this is a Q(g)-subcoalgebra of U~. We have the following compatibility with 
the canonical base. 

Proposition 5.1 ( [421 4.2]). The subcoalgebra Uj~ is compatible with the canonical basis B, 
that is there exists a subset ^i(oo) of ^(oo) such that 

ur= Q('?)G'°"(fc)- 

Remark 5.2. If we consider the ^-subspace (Ur)_4 spanned by the monomials Pj^^^^ • • • Fj^^'\ 
then (Ur)_4 is a ^-subcoalgebra of and we have 

Remark 5.3. By the construction of Ur, it is clear that 

*(Ur) = Ui;,p, 

*{^i{00)) = =^iopp(oo), 

where i°PP = {iuk-i, • • • for i = (^1,^2, • • • ,h)- 

5.1.2. For w € W ^ we consider U~ associated with w = {ii, - ■ ■ ^ R{w). Then it is known 
that U~ does not depend on the choice of the reduced expression w ( |42l 5.3]). Therefore we 
denote U~ by U~ and also ^i(oo) by ^^^{oo) by abuse of notations. By their constructions, 
we have 

(5.4a) *(U-) = U-_i, 

(5.4b) *{mui{oo)) = =^^-1(00). 



5.1.3. Following [H 9.3], we define the quantum closed unipotent cell Oq[N^] associated with 
w by 

0,[iV;:]:=U-(g)/(U-)^ = U-(g)/ Q{q)G-^{b). 

Let 4: U~(g) Oq[N^] be the natural projection. Since (U^)-^ = 06^.<^„(oo) *Q(9)G"p(6) 
is compatible with B^^p, the natural projection induces an bijection {G"p(6);6 G ^^{00)} ~ 
{i^(G"P(6)); 6 G ^^(00)}. Moreover, (U~)^ is a two-sided ideal since U~ is a subcoalgebra. 
Thus Og[A'^] has an induced algebra structure. 

5.2. Demazure module and its crystal. In this subsection, we recall the definition of the 
extremal vector u^^x and the associated Demazure module V^(A). In particular, we remind 
that ^w(oo) can be considered as a certain limit of the Demazure crystal. 
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5.2.1. For i £ I, we consider the subalgebra Ug(g)j generated by ei,fi,ti. Consider the 
(/ + l)-dimensional irreducible representation of Uq(0)j with a highest weight vector Uq \ let 
n^^) := /f ^4'^ (1 < ^ < 0- We have 

(5.5) 5.(n«) = {-iy-^t'^^'^'\^,. 

In particular, we have 

(5.6a) 5,(nf)) = 4'\ 

(5.6b) Si{4^) = {-qi)'uf. 

5.2.2. For A G P and if G T^, let us denote by u^x the canonical basis element of weight 
w\. We have the following description ([26| 3.2] and |4H Lemma 39.1.2]): 

Uw\ =u\ if If; = 1, 

Us,w\ = f'T'^UwX = S'^u^x if m = {hi,wX) > 0. 

Recall that Uw\ is also the dual canonical basis element. For w G R{w), we have 
(5.7) u^x = ■ ■ ■ S-\x- 

5.2.3. We recall basic properties of the Demazure module, see |26^ §3] or |28^ Chapitre 9] 
for more details. Let A € P+ and V{X) be the integrable highest weight Uq(0)-module with 
a highest weight vector ux of weight A. Let Vw{X) ■= U^(0)m^a- This U^(g)-module is 
called the Demazure module associated with w and A. We have the following properties of 
the Demazure module V^(A). 

Proposition 5.8. Let w £W and w = {ii, ■ ■ ■ ,ii) R{w) be a reduced expression of w. 

(1) We have 

ai,--- ,aieZ>o 

(2) We define ^^(A) C ^(A) by 

(5.9a) ^UX) ■.={f^^ . . . fl^ux G ^(A); (ai, • • • , e \ {0}} 

(5.9b) ={6e^(A);g™-...g--6 = nA}. 

Then we have 

(3) For i G /, we have 

(A) C =^»(A) U {0}. 
We call ^wiX) the Demazure crystal. 



34 YOSHIYUKI KIMURA 

5.2.4. We have a similar description of ^^{oo) as ^^{X). Thus ^^{oo) can be interpreted 
as certain limit of the Demazure crystal. 

Proposition 5.10 ([26l Corollary 3.2.2]). Let w gW and {ii, - ■ ■ G R{w) be its reduced 
expression. 

(1) We have 

(5.11a) J^Uoo) ={f-,' ■ ■ ■ Jt>oo € ^((^); (ai, • • • , a;) G Z'>o \ {0}} 

(5.11b) ={b&,'^{oo)-l^^^---e^^^b = u^}. 

(2) For i I, we have 

(5.12) ei^^{oo) C ^w{oo) U {0}. 

5.3. To study multiplicative properties of \J~{w,e), we relate it to the quantum closed 
unipotent cell Oq[Nw]. The following is a generalization of [9l 3.2 Lemma]. This can be 
considered as a quantum analogue of [231 Corollary 15.7]. 

Theorem 5.13. For w (zW and e G {±1}, we have the following embedding of algebras: 

v-iw,e)^o,[N;:;z]. 

Proof. We consider the composite of the inclusion U~(tt;,e) Ug"(0) and the natural pro- 
jection : U~(0) — )■ Oq[N^-e]. Since both homomorphisms are algebra homomorphisms, 
we obtain an algebra homomorphism 

V-{w,e) ^Ogil^e]. 

Since \J~{w, e) is compatible with B^^p and induces an bijection {G"p(6); b G =^^-e(oo)} ~ 
{iJ^_e(G"P (?))); 6 G i^^-e{oo)}, it suffices to prove the corresponding assertion for the crys- 
tals, that is ^lS{w,e) ^ ^^-e{oo). Since we have *{^{w,e)) = ^{wj—e) and *(^^(oo)) = 
^y^-i{oo), it is enough to prove the claim for the e = 1 case. 

We prove ^{w,l) C ^^-i(oo) by the induction on / = i^w). For I = 1 case, by the 
constructions of =^(sj, e) and =^s.(cxd), we have ^{si, e) = ^^^(oo) for any i G I and e G {±1}- 
Let w = {il, ■ ■ ■ G R{w) be a reduced expression. For / > 2, we can assume that, for 
w>2 := • • • G M^, w>2 = (^2,^3, • • • ,«/) e R{'w>2) and c>2 = (c2,C3, • • • ,q) G we 
have 

6>2 := F(c>2,'5;>2) mod g.if (oo) G ^-i{oo) 

— — — '^>2 

by the induction hypothesis. Note that ef^^^b>2 £ ^y^-'^i'^) by Lemma 15.101 (2). Since 
*{^^{oo)) = ^^-i{oo), we have J*^''^^-^^efl''''b>2 G ^^-i(oo). In view of j26l Theorem 

3.3.2], it suffices to prove fij^{f*^''^^''^^^ef^^^b>2) S --^^-1(00). We consider the image of it 
under the Kashiwara embedding : SS{oo) — )• SS{oo) ® and show that the image of it 
is contained in ^ -1(00) ® l^i,. Since is a strict embedding, we have 

If ^,(?--6>2) < en(^^^^'^^^), we have KA^rh2^fn'^'^'^b.i) = ^^^&>2®^r^"'^'''^^- 
This is contained in ^^-1(00) (8) -^i^- 
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Suppose ipi^{ef^'^^b>2) > (/T*^^^^^^)- This means that eii(6>2) > 0. Let S be the ii- 
string which contains b>2 and ef^^^{b>2)- Note that 6>2 7^ e™'^^(6>2). Since both b > 2 and 
e^^^b>2 are in ^^-i(cx)), we have S n=^^-i(oo) = S hy ^61 Proposition 3.3.4]. Hence we get 

the assertion. q.e.d 

6. Construction of initial seed: Quantum flag minors 

In this section, we give a construction of the quantum initial seed in Conjecture [TTT] which 
corresponds to the initial seed in |23j . We only consider the e = — 1 case, but the other case 
follows by applying the ^-involution. 

6.1. Quantum generalized minors. 

6.1.1. We first define a quantum generalized minor. This is a g-analogue of a (restricted) 
generalized minor Z)„,a = -D«,a,a which is defined in [23l 7.1]. 

Definition 6.1 (quantum generalized minor). For A € P+ and w G W, let 

A^A = A^A,A := jxiuwx)- 

We call it a quantum generalized minor. When A is a fundamental weight, we call it a quantum 
flag minor. 

By its definition, it is given by a matrix coefficient as 

(A„,A,A,^') = {UwX,Pu\). 

6.1.2. The following result for extremal vectors is well-known. 
Lemma 6.2 ( \48[ Lemma 8.6]). For A, /i G P+ and w € W, we have 

$(A,/z)(u^(A+^)) = Uu,x(E)Uw^,. 

It follows that 

QX,im{Uj^\ (E> U^^) = "UuiA+ui/x- 

Therefore we get 

by Proposition 13. 31[ In particular, A^^a is strongly real for any w £ W and A € P+. 

6.1.3. We describe extremal vectors in terms of the PBW basis. This is a straight forward 
generalization of 0- For 1 < A; < /, we define the following operations as in [231 9.8], 

k~ := max(0, {1 < s < k — l;is = ik}), 

fcmax := max{l < s <l;is= ik}- 

Proposition 6.3. For < < we define n^ by 



nfc(j) := 



1 iiij = ik,j < k, 
otherwise. 



i = ik (here we understand i = ik holds for any i if A; = 0), we have Fe=-i{mnk; w)ur, 
Us,^-s,^m-w, for m > 1. 
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Proof. We follow the argument in [71 2.1 Lemma]. We prove the assertion by an induction on 
k. The assertion is trivial when k = 0. Note that 

F_i (mrifc, w) = Tr^--- Tr\ {F^^f)F^,{mn,- , w). 

Therefore we have 

by the induction hypothesis. By (14. 6p . this is equal to 
Since none of • • • , ik-i is i, this is equal to 

Q-l Q-l 

'-'ii " ' '^ik-i^ ik 

By (j5.7p . this is nothing but ■ ■ ■ S^^Umvji- Therefore the assertion also holds for k. q.e.d 



By the above proposition, we have T:mvji^{b-i{fnnk]w)) ^ for any 1 <k <l and m > 1. 
Hence jmmi^{us,^-s,^^mmij = G'^'P (mrifc , 'u;)) for any I < k < I. As a special case, we 
obtain the following result. 

Corollary 6.4. For w (zW and fix 5; G R{w). For i G /, we set n* by n^^,^^ with = i. For 
A € P+, we set := Eie/ ^i"* G Z'>o. Then we have 

(6.5) A^A = G-P(6-i(n\S?)). 
Proof. By Proposition 16.31 we have 

(6.6) = G'^P(6_i(?nn\t?)) 

for any i & I. Then by (j6.6p . Lemma 16.21 and Corollarv 14.291 we obtain the assertion, q.e.d 

6.2. Commutativity relations. In this subsection, we prove that quantum generalized mi- 
nors {Atf,;^} (/-commute with ^^^(6) for b G 3^w{oo) in the quotient Oq[Nw]- It means that 
A^;^ and ^^^(6) g-commute up to (U")-*". By Theorem 15.131 they literally g-commute when 
b G ^Uw, -!)• We denote the projection of G'^p(5) to Og[N^] also by G"p(6) for brevity. 

6.2.1. For the proof of certain g-commutativity relation, we need to use the quasi 7^-matrix. 
We recall its properties. 

First we consider another coproduct A defined by {~ o A o~. We have an analogue of 
Lemma 12.51 



(6.7a) A{q'') = q''0q\ 

(6.7b) A{ei) = ei(^ti + l(S)ei, 

(6.7c) A{n) = fi^l + tr^fi. 

We consider the following completion 

u+(0)§u-(0)=0 n u+(0)5,®u-(0)e'. 
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Note that the counit e extends to the completion. In |4H Chapter 4], Lusztig has shown that 
there exists a unique intertwiner H € U+(g)(8>U~(g) such that 

(6.8) E o A(x) = A(x) o E for any x e Ugid), 

= 1, and HoH = HoH = l. We have an analogue of Lemma 12.51 

(6.9) A(x) = ^(/-("*"w"*"(^))i:(2)twtx(,) ^X(i), 
for any x € \J~{q) with r{x) = ^ Cg) X(2)- In particular, we have 

(6.10) A(x)(nA®n^) = J^<7"^"*"W'"'')^a;(2)twtx(i)^iA®X(i)n^, 
for such x € U^(0). 

6.2.2. 

Proposition 6.11. For b S SSyj{^) and S -^^(A), we have the following g-commutation 
relation in Oq[Ny^]: 

Proof. Since we only consider the equality in quantum closed unipotent cell Oq[Nu]], it is 
enough to check that inner products with x G U~ are the same up to some g-shifts, and the 
g-shifts do not depend on choice of x. By Proposition 13.311 this is equal to 

(w«,A ® G;JP(6), A(x)(ua 8) n^))A,M, 

where {•,-)x,iJ. denotes the inner product on ^(A) (d) V{n) defined by {u u',v iS) v')\^^ := 
{u,v)\{u' ,v')^. We use the quasi 7^-matrix to rewrite this as 

(n^A G^Pib), {E o A{x) o E){ux u^))a,/.- 

Since the action of the quasi 7^-matrix is trivial on the highest weight vector, this is equal to 

{u^x «) G;JP(6), {EoA{x)){ux^u^))x,^^■ 

Since the inner product has an adjoint property for (/?, this is equal to 

{{if ® ip)iE){u^x O G';iP(6)), (A{x)){ux ^ u^))x,^^■ 

Note that {A{x)){ux n^) is contained in the tensor product of Demazure modules Ko(A) ^ 
T4)(m) by ^5.2.31 By the form of quasi 7^-matrix ()6.8p and the definition of ip, the nontrivial 
part of ((/3 (8) if){E){u^x "S^ G^^{b)) is not contained in the tensor product Vw{X) (X) V^dj,), 
therefore the above is equal to 

(u^x O G^^ib), (A{x)){ux ® u^))x,^,■ 

By (16. 9p . this is equal to 

iuu,x ® G;iP(^>), (flip o A(x))(nA (8) t/^))A,M, 

and also to 

{jx{u^x)(^G^P{j^b),{mpor{x))K 
up to some g-shifts, where flip(P Q) := Q ® P. Therefore we get 

(jA(t^«,A)G"P(i^(6)),x)K ^ (G'^P(jM(&))iA(n^A),x)K 

for any x G U~. Here we note that (^-shifts depend only on the weights of u^x and jf_i{b), and 
is independent of x. Then we obtain the assertion. q.e.d 
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Restricting the above equality, we obtain the following g-commutativity relations in Oq[N{w)]. 

Corollary 6.12. For c € Z>q, we have 

G'^P(6_i(c»)A^A ^ A^aG"P(6_i(c»). 

6.3. Factorization of g-center. In this subsection, we prove the multiplicative property of 
■^^(cx)) with respect to the quantum minors {A^a}agp+ C>q[Nw]- This is a generalization 
of [SI 3.1], [9] and [32l Lemma 4.2]. This result can be considered as a q^-analogue of [231 
Lemma 15.8]. 

6.3.1. Using Corollarv 13.171 and (j3.18p inductively, we obtain the following lemma. 
Lemma 6.13. Let w & W and w = (ii, • • • ,ii) R{w) as above. We define 

em := {e,, (6), e,, (Sf-^), • • • g^-ft)) 

for 6 G =^(oo). For 61,62 £ =^(00), let us write 

G'^P(6i)G"P(62) = E<,^.('?)^"'(^) 

with 62 ^ ''"^ '^bi 62 ('^-^ ^ ^' t'^™ ^ £{«(6i) + £{d(62), where < is the lexicographic 

order on ZI,q as in §4.3.51 

Let h G SSw{oo) with £{2(6) = £{5(61) + £{5(62) for 61, 62 G ^yj{oo). Then we have b2^^) ~ 
for some N ^Ij. 

6.3.2. 

Proposition 6.14. Let w and A,/i G P+. For 6 G ^wilJ-) and € .f^^(A), there exists 
6' G ^^(A + ^) such that 

^'(A,/u)(6') = u^A<8)6, 
and we have an equality in Oq[Nw]: 

A..aG"P(j^(6)) G'^P(jA+^(6')). 
Proof. Fix ■u; = (il, • • • , i/) G R{w), we have 

by the tensor product rule (|2.34a|) for crystal operators and (fi^ (u-wx) = 0. Using this recur- 
sively, we get 

gmax . . . ^^-(^u^^ 6) = UA ® U^. 

In particular, there exists b' G ,^^^(A + /i) such that <I*(A, ^){b') = Uyjx®b. By Proposition 13. 31] 
and Proposition I3.29| we have 

(6.15) g^-*^-'^'^) A^AG'"P(i;.6) = G^^{h+,{b')) + Cxi'l)G^nb") 

for some f^'^xiq) £ q'^Iq]- By the second assertion of Lemma [6.131 we have fl'^^x^^ \q) = ^ 
as in [8l 1.8 Proposition (i)]. 

Applying the dual bar-involution o", we obtain 

(6.16) g-(-*''-^'^)+(-*^-'^'-^-^)G'^P(j^6)A^A = G"P(iA+^(6')) + ^ Ca(9"')G"P(6"). 
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By Proposition ETH we have G''P{j^b)A^x = q^^A^xCPij^b) for some m e Z in Og[N^] It 
is equal to 

(6.17) g-(wt6-M,A)+(wt6-M,«.A-A)+m^^^^up(^.^^) ^ G-P(iA+,.(&0) + E fb,LxiQ-')G''^b"). 

Therefore we obtain f^'^^xi^) ~ *-* ^" comparing (|6.15p and (|6.17p . q.e.d 

Since there exists /i G P+ such that 7r^(6) 7^ 0, we obtain the following theorem. 
Theorem 6.18. Let b G =^^(00) and A G P4.. There exists b' G =^t„(cx)) such that 

A..,aG^^p(6) =^ G"P(6') 

in Oq\Nj^. 

Taking b from ^(w, —1), we obtain the following theorem by Corollary 14.291 
Theorem 6.19. For c G Z|>q and A G P+, we have 

A^xG''^{b^i{c,w))^G''P{b^i{c + n\w)). 

6.3.3. The following is a generalization of Caldero's result [HI 2.1 Lemma, 2.2 Theorem]. It 
follows from Theorem 16. 181 by an induction on the length of w. 

Theorem 6.20. Let w &W and fix 5; G R{w). We set 

^w,k '■— ^Sij ■■■Si^roij^ 

for 1 < k < I. Then {A{2^fc}i<fc<i forms a strongly compatible subset. 

6.3.4. Following [23\ 15.5], we call c G Z>q interval-free if c satisfies the following conditions: 

:= min{cfc;ifc = i} = 

for any i ^ I. By definition, "^c := c — ^^^^ c^*^n* G Z'~>g is interval free. We have the following 
factorization property with respect to the extremal vectors {Aw\}\^p^- 

Theorem 6.21. For c G Z>05 we set A(c) := Eie/cWroj G P+. Then we have 

G"P(6_i(c,5^)) ^ G"P(6_irc,5^))A^,(,). 
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